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ABSTRACT 
The a p p l i c a t i o n  of l i n e a r  a n a l y s i s  i n  de t e rmin ing  a guidance  func- 
t i o n  is i n v e s t i g a t e d .  The d i f f e r e n t i a l  e q u a t i o n s  of motion a r e  l i n e a r i z e d  
abou t  a nominal c a l c u l u s  o f 5 a r i a t i o n s  s o l u t i o n .  
e x p r e s s i o n  f o r  t h e  c u t o f f  r a d i u s  e r r o r ,  LU, and c u t o f f  a n g l e  e r r o r , , & ,  a s  
a l i n e a r  o p e r a t i o n  on d e v i a t i o n s  i n  i n i t i a l  c o n d i t i o n s  and s e v e r a l  non- 
l i n e a r  f u n c t i o n s  of t h r u s t  ang le  d e v i a t i o n s  and t h r u s t  a c c e l e r a t i o n  dev ia -  
t i o n s  a long  t h e  t r a j e c t o r y .  With t h i s  e x p r e s s i o n  a v a i l a b l e ,  a s u i t a b l e  
form is  s e l e c t e d  f o r  a f u n c t i o n  t o  determine t h r u s t  ang le ,  X. The coef-  
f i c i e n t s  of t h i s  f u n c t i o n  a r e  mathemat ica l ly  determined from t h e  e x p l i c i t  
s o l u t i o n  o b t a i n e d  f o r  ~r and ae under t h e  c o n s t r a i n t  t h a t  t h e s e  v a l u e s  
be  a s  nea r  z e r o  as f e a s i b l e  f o r  d e v i a t i o n s  i n  i n i t i a l  c o n d i t i o n s  and 
t h r u s t  a c c e l e r a t i o n  whose va lues  a r e  a r b i t r a r y  w i t h i n  t h e i r  expec ted  
range  of v a r i a t i o n .  
The r e s u l t  is a n  e x p l i c i t  
The r e s u l t s  of employing t h i s  f u n c t i o n  t o  de te rmine  X f o r  a number 
of examples a r e  shown. These r e s u l t s  emphasize t h e  advantage  of mathe- 
m a t i c a l l y  imposing t h e  mis s ion  c r i t e r i a  i n  d e t e r m i n a t i o n  of gu idance  
c o e f f i c i e n t s  as w e l l  as i l l u s t r a t e  the  v a l u e  of l i n e a r i z a t i o n  techniques  
i n  guidance  a n a l y s i s .  
NASA - GEORGE C. MARSHALL SPACE FLIGHT CENTER 
NASA - GEORGE C. MARSHALL SPACE FLIGHT CENTER 
T e c h n i c a l  M e m o r a n d u m  X-53166 
N o v e m b e r  2 7 ,  1964 
GUIDANCE APPLICATIONS O F  LINEAR ANALYSIS 
BY 
Ly le  R. D i c k e y  
TECHNICAL ANTI S C I E N T I F I C  S T A F F  
AERO-ASTRODYNAMICS LABORATORY 
TABLE OF CONTENTS 
Page 
INTRODUCTION 
CHAPTER I . EXPLICIT SOLUTION 
S e c t i o n  1 . Linea r i zed  Equations of Motion ....................... 
S e c t i o n  2 . E x p l i c i t  S o l u t i o n  t o  the D i f f e r e n t i a l  Equations ...... 
S e c t i o n  3 . E x t r a p o l a t i o n  t o  Cutoff Time ......................... 
S e c t i o n  4 . End Conditions ....................................... 
S e c t i o n  5 . Numerical Example .................................... 
CHAPTER I1 . DETERMINATION OF A GUIDANCE FUNCTION 
S e c t i o n  1. F i t t i n g  the  Nominal T r a j e c t o r y  ....................... 
S e c t i o n  2 . I n i t i a l  Conditions ................................... 
S e c t i o n  3 . Second S tage  P e r t u r b a t i o n s  ........................... 
S e c t i o n  4 . Implementation ....................................... 
CHAPTER 111 . RESULTS AND CONCLUSIONS 
S e c t i o n  1 . Adjustment t o  a D i f f e r e n t  S tandard  T r a j e c t o r y  ........ 
S e c t i o n  2 . C o e f f i c i e n t  Computations ............................. 
S e c t i o n  3 . R e s u l t s  of App l i ca t ion  ............................... 
S e c t i o n  4 . Fur the r  App l i ca t ions  ................................. 
S e c t i o n  5 . Conclusions .......................................... 
APPENDICES 
I . U(t.. t)  ................................................... 
II . 5(tj) ...................................................... 
I11 . Numerical R e s u l t s  from 5 Sec . I n t e r v a l s  .................... 
iii 
3 
8 
10 
1 3  
15 
33 
38 
4 6  
G I  
6 9  
7 1  
7 2  
7 6  
77 
7 9  
8 3  
87 
D E F I N I T I O N  O F  SYMBOLS 
D e f i n i t i o n  
- 
0 0 10-3 0 
0 0. 0 10-3 
0 0 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  i n  equa t ion  (2.2.7) 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  i n  e q u a t i o n  (2.2.13) 
i n t e r m e d i a t e  m a t r i x  de f ined  i n  equa t ion  (2.2.17) 
in t e rmed ia t e  m a t r i x  d e f i n e d  i n  e q u a t i o n  (2.3.12) 
i n t e r m e d i a t e  m a t r i x  de f ined  i n  e q u a t i o n  (2.3.13) 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  i n  e q u a t i o n  (2.3.14) 
in t e rmed ia t e  m a t r i x  d e f i n e d  i n  equa t ion  (2.3.15) 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  i n  e q u a t i o n  (2.3.16) 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  i n  equa t ion  (2.3.17) 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  i n  equa t ion  (2.3.18) 
in t e rmed ia t e  m a t r i x  d e f i n e d  i n  e q u a t i o n  (2.3.19) 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  i n  e q u a t i o n  (2.3.23) 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  i n  e q u a t i o n  (2.3.24) 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  i n  e q u a t i o n  (2.3.25) 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  i n  e q u a t i o n  (2.3.26) 
c 
i v  
t '  
t Symbol 
- I  CO 
F 
H =  
H, = 
DEFINITION OF SYMBOLS (Cont 'd) 
D e f i n i t i o n  
c o e f f i c i e n t s  of t h e  polynomial d e f i n i n g  ? = to + 'c,z + E2z2 
i n t e r m e d i a t e  m a t r i x  d e f i n e d  by equa t ion  ( 2 . 3 . 3 0 )  
i n t e r m e d i a t e  m a t r i x  d e f i n e d  by equa t ion  ( 2 . 3 . 3 1 )  
i n t e rmed ia t e  matrix d e f i n e d  by equa t ion  ( 2 . 3 . 3 2 )  
i n t e rmed ia t e  m a t r i x  d e f i n e d  by e q u a t i o n  ( 2 . 3 . 3 3 )  
i n t e r m e d i a t e  matrix de f ined  by equa t ion  ( 2 . 3 . 3 4 )  
i n t e rmed ia t e  m a t r i x  de f ined  by e q u a t i o n  ( 2 . 3 . 3 5 )  
t h e  f i r s t  row of the m a t r i x  T U ( t n ,  t )  H( t )  
the  second row of the m a t r i x  TIJ(tn, t )  H ( t )  
F ( t j )  A t j  
G ( t j )  A t j  
(H, H, H, H4) 
f i f  
180 m 
-- 
cos x 
- - s i n  :1 X 
V 
I 
Symbol 
H, = 
H, = 
T 
TO 
T l  
T 2  
u =  
DEFINITION OF SYMBOLS (Continued) 
2 
(h) F 
(&,y f/m 6 
D e f i n i t i o n  
m a t r i x  d e f i n e d  by e q u a t i o n  (1.5.9) 
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SUMMARY 
. 
An e x p l i c i t  s o l u t i o n  is  obta ined  t o  the  l i n e a r i z e d  d i f f e r e n t i a l  
equa t ions  of m0t ion . l  To i l l u s t r a t e  t h e  u s e f u l n e s s  of such  a s o l u t i o n  
i t  is used t o  impose t h e  mis s ion  c r i t e r i a  i n  de te rmining  c o e f f i c i e n t s  f o r  
a gu idance  f u n c t i o n .  The r e s u l t i n g  f u n c t i o n  was employed i n  a n  a v a i l a b l e  
computer program des igned  t o  determine guidance f u n c t i o n  performance. 
The r e s u l t s  were e x c e p t i o n a l l y  good and serve t o  emphasize t h e  advantages  
of  t h i s  type  of  a n a l y s i s .  
INTRODUCTION 
To de termine  a f o r c i n g  f u n c t i o n  i n  such  a way t h a t  i t  accomplishes  a 
g iven  r e s u l t ,  i t  is u s e f u l  t o  f i r s t  de te rmine  the  e f f e c t  t h a t  t h i s  f o r c i n g  
f u n c t i o n  and o t h e r  parameters  and f o r c i n g  f u n c t i o n s  have on t h i s  r e s u l t .  
With t h i s  knowledge a v a i l a b l e ,  t h e  t a s k  is cons ide rab ly  s i m p l i f i e d .  This  
r e p o r t  a p p l i e s  t h i s  p r i n c i p l e  t o  the  problem of  guidance.  The equa t ions  
of motion a r e  l i n e a r i z e d  about  a nominal t r a j e c t o r y .  These equa t ions  a r e  
s o l v e d  s o  t h a t  t h e  impor tan t  c u t o f f  d e v i a t i o n s ,  Ar and ne, a r e  ob ta ined  
e x p l i c i t l y  a s  a f u n c t i o n  of i n i t i a l  c o n d i t i o n s ,  t h r u s t  a c c e l e r a t i o n  and 
t h r u s t  a n g l e ,  A form is  s e l e c t e d  f o r  t he  f u n c t i o n  which de termines  t h e  
t h r u s t  a n g l e ,  X. The e x p l i c i t  s o l u t i o n  f o r  Ar and ne is  employed t o  
impose t h e  m i s s i o n  c r i t e r i a  i n  de te rmining  the  c o e f f i c i e n t s  of  t h i s  
f u n c t i o n  which, a s  expec ted ,  accomplishes w e l l  t h e  r e s u l t  f o r  which i t  
was des igned .  The method employed t o  o b t a i n  t h e  e x p l i c i t  s o l u t i o n ,  t h e  
manner i n  which i t  was employed t o  determine t h e  guidance f u n c t i o n  and the 
r e s u l t s  ob ta ined  from us ing  t h i s  guidance f u n c t i o n  i n  a number of  examples 
a r e  p r e s e n t e d  and d i s c u s s e d  i n  d e t a i l .  
The e x p l i c i t  s o l u t i o n  t o  t h e  l i n e a r i z e d  d i f f e r e n t i a l  equa t ions  of  
mot ion  was programmed on t h e  IBM 1620 computer by M r .  Qu in t in  Peas l ey ,  
Techn ica l  and S c i e n t i f i c  S t a f f ,  Aero-Astrodynamics Labora tory ,  George C. 
Marsha l l  Space F l i g h t  Center .  
A s imi la r  a n a l y s i s  was e f f e c t i v e l y  employed i n  Reference 3. The 
accuracy  of t he  s o l u t i o n  and t h e  r e s u l t s  i t  produced l e d  d i r e c t l y  t o  
conc lus ions  t h a t  would n o t  l i k e l y  have o the rwise  been suspec ted .  
CHAPTER I. EXPLICIT SOLUTION 
S e c t i o n  1. L i n e a r i z e d  Equations of Motion 
The e x p l i c i t  s o l u t i o n  d e s i r e d  r e q u i r e s  t h e  s o l u t i o n  t o  the l i n e a r i z e d  
equa t ions  which d e s c r i b e  t h e  motion of t h e  v e h i c l e .  
t h e  motion was assumed t o  be  i n  a plane and d e s c r i b e d  by the  fo l lowing  
d i f f e r e n t i a l  equa t ions :  
For t h i s  a n a l y s i s ,  
The s o l u t i o n  t o  t h e  above s e t  of d i f f e r e n t i a l  equa t ions  is  assumed 
t o  be known numer ica l ly  f o r  a s t anda rd  s e t  of c o n d i t i o n s .  The q u e s t i o n  
concern ing  the  s o l u t i o n  under n i n s  tandard c o n d i t i o n s  is now cons ide red .  
Employing no approximat ions  y e t ,  the equa t ions  under nons tandard  condi- 
t i o n s  can be w r i t t e n  as a f u n c t i o n  of t h e  s t a n d a r d  s o l u t i o n  and d e v i a t i o n s  
from t h e  s t a n d a r d  a s  fol lows:  
These can be r ea r r anged  t o  form 
nf/m f. A cos x + cos x - @f + &g. 
y + ~ 4 ; = m C O S X + j ;  f g + ( 1 + -  f / m )  m m 
3 
S u b s t i t u t i o n  of equa t ions  (1.1.1) and (1.1.2) i n t o  t h e  above expres-  
s i o n s  y i e l d s  t h e  fo l lowing  e x a c t  expres s ions :  
A t  t h i s  p o i n t ,  the  f i r s t  approximat ion  is employed t o  de te rmine  
Mg and Hg a s  f u n c t i o n s  of p o s i t i o n  d e v i a t i o n s  @x and &. 
where 
aii aii 
ax  ay 
h, = h, = 
and 
The next  approximations can be extended t o  i n c l u d e  a s  many terms 
a s  necessary .  The t h r e e  terms inc luded  below were found s u f f i c i e n t  f o r  
t h i s  r e p o r t ,  
4 
t 
r. 
c 
2 
+ ..., (fly s i n  x -  Ax3 31 n c o s  x =  - - 31 s i n  X m -  (%) cos x r +  180 180 
where Ax is g i v e n  i n  deg rees .  
The l i n e a r i z e d  d i f f e r e n t i a l  equa t ions  t o  be so lved  a r e  
2 
m2 
21 s i n  x - (+) cos x-  n j ; = k , @ x + k , @ y +  
w i t h  t h e  fo l lowing  d e f i n i t i o n s ,  t h e  sys tem can be expressed  i n  
more convenient  m a t r i x  n o t a t i o n .  
0 
A =  [; 
0 
0 
h2 
k 2  
10-3 
0 
0 
0 
0 
I i - j  0 
5 
T r f  
H 1 = - -  180 m 
: c ~ ~ y  - s i n  X 
H 3 =  (I$- - ‘6
0 
0 
-cos : 
s i n  : 
@(t) = 
2 
H2=(&) 
- 
0 
0 
s i n  
cos - 
6 
where 
I n  t h i s  n o t a t i o n ,  t h e  d i f f e r e n t i a l  equa t ions  can be  w r i t t e n  
& = AD + HAF, (1.1.5) 
The t e r m s  Ax and L y  a r e  expressed  i n  km, & and & i n  m/sec,  &X i n  
d e g r e e s ,  and a f / m  i n  m/sec2. 
The time v a r i a b l e  d e v i a t i o n s  r equ i r ed  i n  e q u a t i o n  (1.1.5) a r e  
d e f i n e d  a s  
nx = X(t  + At,) - XS(t)  
= x ( t  + At,) - & ( t )  
Ato = t i  - to, 
where ti i s  second s t a g e  i g n i t i o n  t i m e  on any t r a j e c t o r y ,  to i s  second 
s t a g e  i g n i t i o n  t i m e  on t h e  s t anda rd  t r a j e c t o r y ,  and t h e  s u b s c r i p t  s 
r e f e r s  t o  v a l u e s  ob ta ined  from t h e  s t a n d a r d  t r a j e c t o r y .  
. 
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S e c t i o n  2. E x D l i c i t  S o l u t i o n  t o  t h e  D i f f e r e n t i a l  Eauat ions  
The s o l u t i o n  t o  equa t ion  (1.1.5) is shown i n  Reference 1 t o  be  of 
t h e  fo l lowing  form: 
where U(tn,  t )  is t h e  s o l u t i o n  t o  t h e  d i f f e r e n t i a l  equa t ion ,be low 
eva lua ted  a t  t l  = tn from i n i t i a l  c o n d i t i o n s  a t  t .  
d - U(t,, t )  = A ( t l )  U(t,, t ) ,  U ( t ,  t )  = I. 
d t 1 
(1.2.2) 
The s o l u t i o n  t o  equa t ion  (1.2.2) is ob ta ined  by assuming t h a t  t h e  
elements  of t h e  A m a t r i x  a r e  c o n s t a n t  over  each of a number of s m a l l  
i n t e r v a l s .  This  assumption y i e l d s  t h e  s o l u t i o n  a t  t h e  end of t h i s  s m a l l  
i n t e r v a l  which is  then  used t o  provide  i n i t i a l  c o n d i t i o n s  from which t h e  
s o l u t i o n  a t  t h e  end of t h e  nex t  sma l l  i n t e r v a l  is ob ta ined .  Cont inuing 
i n  t h i s  manner, t h e  s o l u t i o n  U ( t n ,  t )  can be ob ta ined  f o r  t = to and any  
of a number of v a l u e s  of t ,  to 5 t 5 t n ,  where tn i s  c u t o f f  t i m e  on t h e  
s t a n d a r d  t r a j e c t o r y .  
Under t h e  assumption j u s t  made, t h e  d i f f e r e n t i a l  equa t ions  which 
w i l l  be  so lved  a r e  
where 
, k = l , 2 ,  ..., n. tk i- t k - l  6k = 2 
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For t h i s  system, the  s o l u t i o n  t o  equa t ion  (1.2.2) can be w r i t t e n  a s  
i 
-1 
(1.2.3) 
i = O  
This s o l u t i o n  appears  i n  Reference 1 and is  adapted  t o  g e n e r a l  
a p p l i c a t i o n  t o  l a r g e  systems i n  Reference 2. Trunca t ion  e r r o r  a s s o c i a t e d  
w i t h  t h e  series i n  equa t ion  (1.2.3) is sometimes a problem. However, 
t h e  A m a t r i x  cons idered  i n  t h i s  a p p l i c a t i o n  has such  sma l l  elements and 
is changing s o  s lowly  w i t h  time t h a t  n t k  5 5 s e c  was found adequate  and 
on ly  t h e  fo l lowing  terms were included i n  the s e r i e s  approximation: 
Then 
and 
I n  t h i s  manner, U ( t n ,  to) can be e v a l u a t e d  numer i ca l ly  and U( tn ,  t) 
Although t h e  i n t e g r a t i o n  i n d i c a t e d  i n  equa- f o r  any v a l u e  of t d e s i r e d .  
t i o n  (1.2.1) might r e q u i r e  more s o p h i s t i c a t e d  t echn iques ,  t h e  f u n c t i o n s  
encountered  i n  t h i s  a p p l i c a t i o n  a r e  s u f f i c i e n t l y  smooth t h a t  t h i s  i n t e -  
g r a l  can be eva lua ted  q u i t e  w e l l  by a summation, where each  element of 
t h e  sum c o n s i s t s  of the  in t eg rand  eva lua ted  a t  t h e  midpoin t  of an 
i n t e r v a l  tkml 5 t 5 t k  m u l t i p l i e d  by t h e  l e n g t h  of t h e  i n t e r v a l  Atk f o r  
v a l u e s  of a t k  a s  l a r g e  a s  f o r t y  seconds.  
Atk w a s  chosen a t  v a l u e s  on t h e  order  of 5 seconds .  
For extreme accuracy ,  however, 
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S e c t i o n  3 .  E x t r a p o l a t i o n  t o  Cutoff Time 
The procedure  j u s t  desc r ibed  provides  t h e  s o l u t i o n  AX a t  s t a n d a r d  
c u t o f f  t i m e  t,. The fo l lowing  equa t ion  w i l l  be  used t o  de te rmine  AXc, 
t he  d e v i a t i o n s  i n  s t a t e  v a r i a b l e s  ob ta ined  by s u b t r a c t i n g  t h e i r  s t a n d a r d  
v a l u e  a t  t, from t h e i r  a c t u a l  v a l u e  a t  a d i f f e r e n t  c u t o f f  t ime,  tC: 
t -At c o  
n 
m = A x n +  
C .  
I 
(1.3.1) 
This can 
tn 
where X ( t  + Ato) is eva lua ted  on the  nonstandard t r a j e c t o r y ,  
be w r i t t e n  
i ( t  + Ato) = i s ( t )  + k ( t  + at , )  - i s ( t )  
i ( t  + Ato) = $ ( t )  + &t>.  
These terms can be f u r t h e r  decomposed: 
t 
n 
t n 
S u b s c r i p t  s r e f e r s  t o  v a l u e s  ob ta ined  from t h e  s t a n d a r d  t r a j e c t o r y .  
The subscr ip ;  n r e f e r s  t o  v a l u e s  a t  c u t o f f  t i m e ,  t,, on t h e  s t a n d a r d  
t r a j e c t o r y .  
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The term AXc can be w r i t t e n  as 
where 
t n 
A t  = t - tn - Ato. 
C 
This can be f u r t h e r  s i m p l i f i e d ,  by n o t a t i o n ,  t o  t h e  fo l lowing  expres s ion :  
= k A t  + E,  ( 1 . 3 . 2 )  Dxc n 
where 
The v a l u e  of A t  i n  equa t ion  (1.3.2) depends on t h e  c u t o f f  c r i t e r i o n .  
Under t h e  assumpt ion  of c u t o f f  a t  a c o n s t a n t  v e l o c i t y ,  t h e  fo l lowing  
w i l l  be used t o  de te rmine  At .  
'n n 
-' & + - dC = 0, AVc  y 
n n 
X 
c v  
o r  
AVc = Ti cXc 0, 
where 
(0 0 .ir 'J. 1 n Ti = - V n 
(1 .3 .4 )  
(1.3.5) 
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Equations (1.3.2) and (1.3.4) g i v e  the  fo l lowing  r e l a t i o n s h i p :  
T, AXc = T, X A t  -I- TIE = 0 ,  n 
and 
(1.3.6) 
S u b s t i t u t i o n  of t h i s  e x p r e s s i o n  f o r  At  i n t o  e q u a t i o n  (1.3.2) y i e l d s  
k TIE n 
AXc = - + E ,  
T l  hn 
o r  
AXc = TOE, (1.3.7) 
where 
TO 
I 
xn T l  
T l  xn 
(1.3.8) 
and E is  def ined  i n  equa t ion  (1.3.3).  This e x p r e s s i o n  f o r  E r e q u i r e s  
some assumptions o r  approximat ions  i n  o r d e r  t o  a c t u a l l y  be e v a l u a t e d .  
The fo l lowing  approximations a r e  used: 
.. .. 
Xs( t>  = xn 
and 
AAX(t) + H ( t )  = An Hn + Hn aFn 
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f o r  
These approximations e s s e n t i a l l y  keep second o r d e r  terms i n  the  
e x p r e s s i o n  f o r  E ,  d i s c a r d i n g  on ly  terms of t h i r d  o r d e r  o r  h ighe r .  The 
r e s u l t i n g  expres s ion  f o r  E w i t h  t h e s e  approximat ions  is 
E = mn + Zn 2 At2 + A AX A t  + Hn At aFn. 
n n  (1.3.9) 
Equat ions  (1.3.7), (1 .3 ,8 ) ,  and (1.3.9) g i v e  A t  and AX, a s  f u n c t i o n s  
of @Xn, Equat ion  (1.2.1) y i e l d s  the s o l u t i o n  of AXn a s  a f u n c t i o n  of 
i n i t i a l  c o n d i t i o n s ,  AXo, d e v i a t i o n s  i n  t h r u s t  a c c e l e r a t i o n ,  @f/m, and 
d e v i a t i o n s  i n  t h r u s t  a n g l e ,  Dx, f o r  to 5 t 5 tn. The o t h e r  f u n c t i o n s  
appea r ing  i n  t h e s e  equa t ions  a r e  eva lua ted  from d a t a  on the  s t a n d a r d  
t r a j e c t o r y .  Thus, w i t h  a g iven  s t a n d a r d  t r a j e c t o r y ,  an e x p l i c i t  expres-  
s i o n  f o r  c u t o f f  d e v i a t i o n s  f o r  nonstandard t r a j e c t o r i e s  has been ob ta ined .  
S e c t i o n  4 .  End Condi t ions  
To meet t h e  mis s ion ,  c e r t a i n  end c o n d i t i o n s  a r e  r e q u i r e d .  The 
p a r t i c u l a r  v a r i a b l e s  f o r  which a n  e x p l i c i t  s o l u t i o n  is t o  be ob ta ined  
depend on t h e  mis s ion .  Under t h e  assumption of an o r b i t a l  mi s s ion ,  C\r 
and Ag a r e  t h e  v a r i a b l e s  of concern. The fo l lowing  approximat ions  can 
be used t o  de te rmine  t h e s e  v a r i a b l e s  a s  a f u n c t i o n  of  the  v e c t o r  MC: 
A(rc  v c  cos ec> = ~ ( x  c c  i + yc PC).  
n(rc vc) cos 0 + rnvn A cos e = @X 5 + x & + mC qn + yn &=. n C c n  n c  
1 3  
Although the fo l lowing  assumption is n o t  necessa ry ,  i t  is conven- 
i e n t  a t  t h i s  p o i n t  t o  t ake  advantage of  t h e  f a c t  t h a t  t h e  m i s s i o n  under 
c o n s i d e r a t i o n  is a c i r c u l a r  o r b i t  a t  a f i x e d  r a d i u s .  
and A(rc V,) = 0. 
Then rc  is c o n s t a n t  
Then t h e  fo l lowing  approximat ion  is used: 
s i n  e nec. A COS ec = - - rl 180 n 
S ince  s i n  e n  = 1, we have 
rl A cos ec = - - 180 net* 
The fo l lowing  expres s ion  is then ob ta ined  f o r  nec. 
180 - -  (An mc + in mc + x n &c + Yn &Q. 
nn n 
Equat ions (1.4.1) and (1.4.2) can then  be combined i n t o  one m a t r i x  
(1.4.2) 
equa t ion.  
where 
and 
T, = 
- 
X n 
n 1: 
-180tn 
vn  - 
Yn 
r n 
-1809, 
mn v n  
(1.4.3) 
(1.4.4) 
0 
- 1 8 0 ~ ~  
nn v n  
14 
Equat ions  (1.2.1),  (1.3.71, (1.3.8),  (1 .3 .9) ,  (1.4.3) and (1.4.4) 
g i v e  us t h e  means of de te rmining  t h e  v a r i a b l e s  & and ne a s  a f u n c t i o n  
of i n i t i a l  c o n d i t i o n  d e v i a t i o n s ,  .A&-, t h r u s t  a c c e l e r a t i o n  d e v i a t i o n s ,  
af -(t), and t h r u s t  a n g l e  d e v i a t i o n s ,  m ( t ) ,  ( t o s  t 5 t n ) .  This expres-  m 
s i o n  can be used t o  a c t u a l l y  e v a l u a t e  e r r o r s  of i n d i v i d u a l  t r a j e c t o r i e s  
i n  t h e  neighborhood of the  s t a n d a r d  i f  a l l  the d e v i a t i o n s  mentioned a r e  
known. It a l s o  p rov ides  cons ide rab le  i n s i g h t  i n t o  the  mechanics of 
s o l v i n g  d i f f e r e n t i a l  equa t ions  of motion by showing, term by term, the  
e f f e c t  on mis s ion  e r r o r  of 
I n  a d d i t i o n ,  f o r  t h i s  p a r t i c u l a r  problem, t h e  e x p l i c i t  r e p r e s e n t a t i o n  
p rov ides  a means of de te rmining  X a s  a f u n c t i o n  of AXo and - ( t )  s o  t h a t  
Ar and ne are  a s  n e a r  z e r o  a s  t h i s  a n a l y s i s  and the  assumptions concern- 
ing t h e  form of X w i l l  a l l o w ,  
o n l y  parameters  cons ide red  i n  t h i s  a n a l y s i s ,  w i t h  l i t t l e  a d d i t i o n a l  e f f o r t  
o t h e r  f o r c i n g  f u n c t i o n s  o r  parameters could  have been inc luded ,  For the  
p r e s e n t ,  the  concern w i l l  remain wi th  t h e  f o r c i n g  f u n c t i o n s  and parameters  
a l r e a d y  cons ide red  and an a c t u a l  a p p l i c a t i o n  w i l l  be demonstrated.  
@f 
m 
Af Although 6,y ( t ) ,  and m ( t )  were t h e  
S e c t i o n  5. Numerical Example 
S e v e r a l  c a l c u l u s  of v a r i a t i o n s  s o l u t i o n s  were a v a i l a b l e  f o r  a n  
e a r l y  SA-6 second s t a g e  v e h i c l e .  The s t a n d a r d  t r a j e c t o r y  had the  fo l low-  
ing i n i t i a l  and end p o i n t  cond i t ions :  
I n i t i a l  Conditions:  
x = 153.98343 km = 146.815 s e c  
0 
= 6435.8783 km 
YO 
f 8.78065 
m 1.3751 - . 2 0 8 8 8 ~  -(7) = 
ko = 2818.3294 m/sec 
$0 - 988.35767 m/sec 
t - to 
100 T =  
(1.5.1) 
Y 
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F i n a l  Condi t ions : 
x = 2326.37 km n 
I where 
= 6128.51 km Yn 
K = 7285.34 m/sec n 
= - 2765.50 m/sec 9n 
j; = 19.047 m/sec2 
n 
Yn = - 13.596 m/sec2 
(1.5 -2 )  
v = 7792 m/sec 
r = 6555.200 km 
= 620.679 s e c  
n 
n 
tn  
f - ( tn )  m = 22.793 m/sec2 
Xn = 102.506' 
= 90". 'n ... x = . l o 0 1  m/sec3 n 
'*' = - .0655 m/sec3 Yn 
The g r a v i t y  components were d e f i n e d  by 
2 
go ro  = 9.81 m/sec', r = 6370 km. 
g = - y 7 - Y  go 0 
From t h i s ,  t he  fo l lowing  elements  of t h e  A m a t r i x  a r e  de te rmined ,  
16 
( 1 . 5 . 3 )  
The v a l u e s  of x, y ,  and 7 obta ined  from t h e  s t a n d a r d  t r a j e c t o r y  are  
I n  a d d i t i o n ,  t h e  q u a n t i t y  n t k  is 
l i s t e d  i n  Table 1.1. 
n a t e s  time on the  s t a n d a r d  t r a j e c t o r y .  
l i s t e d  which d e s c r i b e s  t h e  l e n g t h  of the  i n t e r v a l  over  which t h e  d i f -  
f e r e n t i a l  equa t ions  were assumed t o  be a c o n s t a n t  c o e f f i c i e n t  system. 
They a r e  l i s t e d  as a f u n c t i o n  of t where t d e s i g -  
TABLE 1.1 
STANDARD TRA JE CTORY DATA 
1 5 0  
1 8 0  
220 
260 
300 
340 
380 
420 
460 
5 0 0  
540 
5 8 0  
610 
,0318 
,3318 
.7318 
1 ,1318 
1.5318 
1 ,9318 
2.3318 -- 
2.7318 
3.1318 
3.5318 
3,9318 
4.3318 
4.6318 
13.18 
4 0  
4 0  
4 0  
4 0  
4 0  
4 0  
4 0  
4 0  
4 0  
40 
4 0  
20.68 
- 
163.0  
250.4 
374.8 
508.6  
652.7 
807.8 
975.1 
1155.7 
1351.0  
1562.7 
1793.0 
2044.7 
2249.9 
Y (km) -
6435.6 
6461.9 
6488.2 
6504.4 
6510.5 
6506.2 
6491.0 
6464.5 
6426.0  
6374.5 
6308.8 
6227.1 
6153.9.  
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The d a t a  i n  Table 1.1 can be used t o  e v a l u a t e  t h e  e lements  of the  
A m a t r i x  d e f i n e d  i n  equa t ions  (1.5.3). The r e s u l t s  a r e  shown i n  
Table (1.2) which f o r  convenience have been m u l t i p l i e d  by 1000. 
TABLE 1.2 
t 
150 
180 
220 
260 
300 
340 
380 
420 
460 
500 
540 
580 
610 
- I 
I 
h, 
-1.489 
- 1,465 
- 1.436 
- 1.407 
-1.378 
- 1,348 
-1.315 
-1,275 
- 1,228 
-1.168 
-1.113 
-1.001 
- ,912 
ELEMENTS OF A MATRIX 
h, 
.113 
.171 
.251 
.334 
.423 
,518 
.621 
,731 
.849 
.97 7 
1,079 
1.257 
1.370 
k, 
,113 
.171 
.251 
.334 
,423 
.518 
.621 
.731 
.849 
.977 
1.079 
1.257 
1.370 
12- 
2.327 
2.937 
2.886 
2.840 
2.799 
2.761 
2.722 
2.682 
2.633 
2.576 
2.505 
2.415 
2.327 
NOTE: A l l  of the  above elements have been m u l t i p l i e d  by 1000. To use 
i n  t h e  c o n s t r u c t i o n  of the A m a t r i x ,  t hey  must f i r s t  be m u l t i p l i e d  
by 
The m a t r i x  U(tn,  t )  can be determined from t h e  in fo rma t ion  i n  
Tables 1.1 and 1.2 f o r  the va lues  of t l i s t e d  as follows. 
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where 
- 
0 0 10-3 o 
0 0 0 10- 
Choosing En = 610 and tn-l = 600, t, = 620.68, then the  fol lowing m a t r i x  
is  determined. 
U(tn,  600) = 
- 
0 
1 
1 0 .02068 
0 1 0 
-. 01886 .02833 1 
.02833 .04812 0 
- 
Then U(tn,  560) = U(tn,  600) U(600, 560) where U(600, 560) = I + 40A(580). 
Continuing i n  t h i s  manner, U(t,, t )  can be determined f o r  a number 
of va lues  of t back t o  and including t = to. The fol lowing ma t r ix  
U( tn ,  t o )  was obtained from the data  i n  Tables 1.1 and 1 . 2 .  
- 
.86115 .04792 .45637 
,045 03 1.29901 .00890 
-. 57740 .35385 .88097 
.31006 1.38267 .09284 
- 
. (1.5.4) 
The in te rmedia te  ma t r i ces  U(tn, t )  a r e  t abu la t ed  i n  Appendix I. 
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The expres s ion  f o r  U( tk ,  tk-1)  is  t h e  t r u n c a t i o n  of a s e r i e s  expan- 
s i o n .  I f  t h e  elements  i n  t h e  A m a t r i x  a r e  l a r g e ,  more terms a r e  r e q u i r e d .  
I f  t hey  a r e  ex t remely  l a r g e ,  U( tk ,  kk-1) must be  e v a l u a t e d  by s p e c i a l  
methods desc r ibed  i n  Reference 2. I n  a d d i t i o n ,  t h e  i n t e r v a l  ove r  which 
t h e  system is assumed t o  have a c o n s t a n t  A m a t r i x  depends on the  p a r t i c u l a r  
problem a t  hand. The numerical  example be ing  used a s  a n  i l l u s t r a t i o n  
assumes a c o n s t a n t  c o e f f i c i e n t  sys tem f o r  i n t e r v a l s  of f o r t y  seconds .  
A more a c c u r a t e  s o l u t i o n  was employed t o  de te rmine  t h e  guidance  f u n c t i o n  
i n  Chapter 11. The system was assumed c o n s t a n t  f o r  i n t e r v a l s  of 5 seconds 
o r  less ,  and the  i n t e g r a t i o n  was c a r r i e d  o u t  by summing over  f i v e  second 
i n t e r v a l s .  The s o l u t i o n  d i f f e r e d  g e n e r a l l y  i n  t h e  t h i r d  s i g n i f i c a n t  
f i g u r e  from t h a t  ob ta ined  from t h e  p r e s e n t  example where 40 seconds was 
used. 
I n  a d d i t i o n  t o  the  m a t r i x  U ( t n ,  t o ) ,  t h e  s o l u t i o n  g iven  by e q u a t i o n  
(1.2.1) r e q u i r e s  t h a t  a n  i n t e g r a t i o n  be performed. The f u n c t i o n s  i n  t h i s  
example a r e  s u f f i c i e n t l y  smooth t h a t  a v e r y  good s o l u t i o n  can be ob ta ined  
by summing U( tn ,  t k )  H( tk)  m ( t k )  Atk. I f  t h e  f u n c t i o n s  i n  t h e  i n t e g r a n d  
a r e  extremely v a r i a b l e ,  t h i s  technique  may n o t  g i v e  a c c u r a t e  v a l u e s  f o r  
t h e  i n t e g r a l .  Although techniques  o u t l i n e d  i n  Reference 2 overcome t h i s  
problem, they a r e  n o t  necessa ry  f o r  t h i s  example. With t h e  fo l lowing  
d e f i n i t i o n ,  &-, can be w r i t t e n  as a l i n e a r  sum of d e v i a t i o n s  i n  i n i t i a l  
c o n d i t i o n s  nXo and t h e  v e c t o r  @ ( t )  eva lua ted  f o r  s e v e r a l  v a l u e s  of  t. 
j '  
i r ( t . 1  = U(tn ,  t . )  H( t : )  At 
J J J 
Then, 
(1.5.5) 
(1.5.6) 
Table  1 . 3  l i s t s  t h e  d a t a  taken  from t h e  s t a n d a r d  t r a j e c t o r y  
necessa ry  to  e v a l u a t e  t h e  m a t r i x  H ( t . )  f o r  t he  v a l u e s  of t i n d i c a t e d .  
I n  a d d i t i o n ,  t h e  v a l u e  of At is  l i s g e d  which was used t o  de te rmine  
f i ( t j )  a s  de f ined  i n  equa t ion  (1.5.5).  
m a t r i c e s  u(t,, t j )  which, w i t h  t h e  d a t a  i n  Table  1 .3 ,  i s  s u f f i c i e n t  t o  
e v a l u a t e  the elements  of c ( t . )  necessa ry  t o  per form t h e  summation i n d i -  
c a t e d  i n  equa t ion  (1.5.6).  
j Appendix I l i s t s  t h e  cor responding  
J 
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TABLE 1.3 
DATA REQUIRED FOR H ( t j )  A t j  
c 
t . ( s e c )  
160 
200 
240 
280 
320 
360 
400 
440 
480 
520 
560 
600 
nt. ( sec )  
33.18 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40.68 
59.255 
62.460 
65.745 
69.119 
72,590 
76.168 
79.861 
83.676 
87.620 
91.693 
95.896 
100.223 
f - (m/sec2) m 
6.516 
6.946 
7.438 
8.005 
8.665 
9.444 
10.376 
11.513 
12.930 
14.743 
17,149 
20.493 
The above v a l u e s ,  t oge the r  with U(tn,  t . )  l i s t e d  i n  Appendix I, 
The elements of were used t o  determine f r ( t j )  from equat ion ( i .5 .5) .  
6 ( t . )  a r e  l i s t e d  i n  Appendix 11. 
e v a l u a t e  m n  is a v a i l a b l e  and t h e  necessary c o e f f i c i e n t s  eva lua ted ;  
A l l  of  t he  information necessary t o  
AX,, AX(tj) and --(tj) af remain e x p l i c i t .  
The l a s t  s t e p  necessary t o  ob ta in  an e x p l i c i t  exp res s ion  f o r  Ar and 
ne is t o  e v a l u a t e  the ma t r i ces  def ined i n  equat ions (1.3.7),  (1.3.9), and 
(1.4.3). From the  end' cond i t ions  given i n  (1.5.2),  T,, de f ined  i n  equa- 
t i o n  (1.3,5),  is evaluated.  
T, = (0 0 .9350 - .3549). (1.5.7) 
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Eva lua t ion  of t he  elements  i n  T,, d e f i n e d  by equa t ion  ( 1 . 4 . 4 ) ,  
g i v e s  t h e  fo l lowing  r e s u l t .  
T, = 
A =  
n 
.3549 .9349 0 
.003102 -.002609 
- -2 .765]  7 ,28 3  yn = 1 . 0 1 3 6 j .  . 905 and 
19,047 . loo1  
-13.596 - .0655 
Equat ion  (1 .3.7)  provides  t h e  r e l a t i o n s h i p ,  
where 
Equat ion  (1 .4.3)  g i v e s  the  r e l a t i o n s h i p  
Combining these  expres s  ions  y i e l d s  
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where 
c 
(1.5.9) 
Numerical e v a l u a t i o n  of the  elements g ives  t h e  fo l lowing  m a t r i x  T. 
(1.5.10) - .007 " 1  262 .3549 .9349 0 .003102 - .001603 T =  - .00817 2 
The f i n a l  e x p r e s s i o n  f o r  E is g iven  by e q u a t i o n  (1.3.9).  
+ An nXn At + Hn A t  AFn. E = CIXn + Zn - At2  2 
I n  a d d i t i o n  t o  the  q u a n t i t i e s  a l r e a d y  e v a l u a t e d ,  An and Hn must be 
eva lua ted  i n  o r d e r  t o  i n v e s t i g a t e  the second o r d e r  terms. From c u t o f f  
d a t a ,  g i v e n  by (1.5.2j ,  t h e  fo l lowing  ear, be de te rmined .  
- 
0 1 
0 
10-3 
An - 1.!82 *1.407 
1 1 1,407 2.297 0 0 
I 
0 0 0 
0 0 0 
- ,0853 - .0068 .oooo H =  n 
L. 3870 .0015 . O O O l  .9766_1 
The e f f e c t  of t h e s e  m a t r i c e s  on AR is determined by e q u a t i o n  (1.5.8) and 
(1.3.9). 
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r- -I 
B = TE = T a n  + Pzn -I- TA cXn f THn nFn n (1.5.11) 
Equat ion (1.3.6) g ives  the  fo l lowing  expres s ion  f o r  At. 
Using the f i r s  t o rde r  approxima t i o n  f o r  E ,  t h i s  express  ion becomes 
This can be s u b s t i t u t e d  f o r  At i n s i d e  the  b r a c k e t s  i n  equa t ion  (1.5.11) ,  
and t h e  fol lowing expres s ion  r e s u l t s :  
(1.5.12) 
A b r i e f  look a t  the  va lues  of the  elements of t h e  m a t r i c e s  i n s i d e  the  
b r a c k e t s  w i l l  g i v e  an  e s t i m a t e  of the  c o n t r i b u t i o n  of t h e s e  second o rde r  
terms.  
Cutoff da t a  from the  s t a n d a r d  t r a j e c t o r y ,  equa t ions  (1.5.2) ,  pro- 
v i d e  t h e  informat ion  necessa ry  t o  e v a l u a t e  these  m a t r i c e s .  
.8882 
.0040 1 x 10-3. .. 0 .4779 -. 0189 - .0106 
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To g e t  a n  idea of the  e f f e c t  t h i s  term might have some extreme v a l u e s  
can be assumed f o r  &$,. 
and q, = - = 100 m/sec. Then, 
F i r s t ,  i t  w i l l  be assumed t h a t  B n  = Ayn = 100 km 
gn T, ) (-41.02) 
Axn = x 10-3. 
2% ih -4.23 
This means t h a t  the  c o n t r i b u t i o n  t o  Ar is -.041 km o r  -41 m f o r  each 
second of a d d i t i o n a l  second s t a g e  burning t i m e  At .  However, f o r  ne the  
c o n t r i b u t i o n  is  on ly  -.004" f o r  each second At. The s i g n s  a s s o c i a t e d  
w i t h  t h e  d e v i a t i o n s  assumed f o r  m n  were chosen t o  have the  g r e a t e s t  
e f f e c t  on ne. With t h i s  i n  mind, i t  can be concluded t h a t  t h e s e  second 
o r d e r  terms a r e  n e g l i g i b l e  w i t h  r e s p e c t  t o  Ae. An extreme example f o r  
c\r might  be B n  = Ayn - 100 km and Bn = Ajrn = 100 m/sec. This g i v e s  
This g i v e s  a s m a l l e r  e r r o r  i n  ne, b u t  i n  @r i t  would produce abou t  137 m 
f o r  each  second of a d d i t i o n a l  second s t a g e  bu rn ing  time At .  Whether t h i s  
term is n e g l i g i b l e  o r  n o t  depends on a more c r i t i c a l  i n v e s t i g a t i o n  of 
&, and &, which a r e  n o t  independent of each o t h e r .  
c a s e s  cons idered  l a t e r ,  hn and &rn were of o p p o s i t e  s i g n  s o  t h a t  t h e i r  
e f f e c t  on & tended t o  cance l  r a t h e r  than add. A more d e t a i l e d  examina- 
t i o n  of t h e  r e l a t i o n s h i p  of nirn and Ajrn and t h e i r  e f f e c t  on t h e  e r r o r  i n  
c\r w i l l  n o t  be pursued i n  t h i s  r e p o r t .  However, i n  t h e  even t  t h a t  any 
d e c i s i o n s  depended on the  assumption t h a t  t h i s  c o n t r i b u t i o n  be n e g l i g i b l e ,  
f u r t h e r  i n v e s t i g a t i o n s  could be  completed a t  t h a t  time. 
I n  most of the  
The o t h e r  term i n  the  b r a c k e t s  i n  e q u a t i o n  (1.5.12) is 
0 0 
T S = [  ,00295 ,0000 .oooo 
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Choosing LXn = 3" and 
af f - ( tn)  = - . O 1  - ( tn )  = - . 2 2  m/sec2 m m 
g i v e s  
Then 
I- 0 1 
,00885 + ,0014 
The c o n t r i b u t i o n  from nX, is  .00885" pe r  second and from @f/m, on ly  
.0014O per second. The c o n t r i b u t i o n  of af/m w i l l  be n e g l e c t e d ,  b u t  the 
c o n t r i b u t i o n  of  4 w i l l  be k e p t  s i n c e  i t  may be s e v e r a l  hundredths of 
a degree.  
Having i n v e s t i g a t e d  the  p o s s i b l e  c o n t r i b u t i o n  of v a r i o u s  second 
o r d e r  terms and f i n d i n g  s e v e r a l  of them t o  be i n s i g n i f i c a n t ,  we w i l l  
d i s c a r d  these and r e w r i t e  the  expres s ion  f o r  AR. 
Defining two row v e c t o r s  V, and V, by the  fo l lowing  e q u a t i o n ,  
then ,  
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I , 
(1.5.13) 
I -  
Equat ion  (1.2.1) gave t h e  fo l lowing  expres s ion  f o r  %. 
t n 
= U ( t n ,  t o )  + 1 U(tn,  t )  H( t )  AF(t)  d t .  
t 
0 
S u b s t i t u t i o n  of t h i s  e x p r e s s i o n  f o r  AXn i n t o  the  l i n e a r  term T a n  appear -  
ing i n  (1.5.13) g i v e s  
t n 
m = Tu(tn, to) + 1 TU(tn, t>  H ( t )  D(t) d t  + VaXn At + TH A? . n n  
For convenience,  t h e s e  d e f i n i t i o n s  w i l l  be  made: 
S ince  a l l  b u t  one of the  elements i n  the m a t r i x  TH, were z e r o  o r  
cons i d e r e d  neg l  i g  i b l e  , t h e  f o l  lowing s imp  1 i f  i c a  t i o n  is used : 
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S 
With t h e s e  d e f i n i t i o n s  and s i m p l i f i c a t i o n s  , t he  fo l lowing  expres-  
ions  f o r  @r and ne a r e  obta ined:  
t 
& = U , n X  0 + In F @F d t  + V, @Xn At 
and 
(1.5.14) 
(1.5.15) 
c 
L 
0 
The numerical  va lues  obta ined  f o r  t hese  express  ions  a r e  l i s t e d  below. 
U, = (.34772 1,23145 
Uz = -.008224 -.006970 ( 
( O  
v, = 0 .4779 
g, = .00295. 
.17029 ,48  137) (1.5.16) 
-. 005788 - ,007909) (1.5.17) 
(1.5.18) 
The term nXn is  de f ined  by equa t ion  (1.5.6) .  U( tn ,  t o )  i s  found 
J i n  Appendix I and the  elements of f i ( t . )  a r e  l i s t e d  i n  Appendix 11. 
The f i r s t  o rde r  approximation f o r  At is 
T l  an at = - = ( O  0 - ,04131 .01568) m_, 
where @Xn can be eva lua ted  from equa t ion  (1.5.6) a s  a l r e a d y  mentioned. 
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The i n t e g r a l s  appear ing  i n  equat ions  (1.5.14) and (1.5.15) can be 
eva lua ted  by summation. 
L 
j J G AF d t  = L G ( t j )  AF( t . )  J at 
j= l  
and 
t 
P" 
n 
F 
j=1 
0 
t 
The m u l t i p l y i n g  f a c t o r s  f o r  a F ( t j )  w i l l  be de f ined  a s  fo l lows:  
These q u a n t i t i e s  a r e  l i s t e d  i n  Tables 1 .4  and 1.5.  
t o  determine t h e s e  v a l u e s  is l i s t e d  i n  Table 1 .3 .  
The A t j  employed 
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I 1 6 0  -1.1877 
200 -1.4612 
240 -1.4790 
280 - 1 , 4 8 4 3  
320 -1.4741 
F2(lo-z) F 3  (1 0- 4, 
- 1.284 
-1.388 
-1.262 
-1.133 
- 1.000 
- .863 
- .723 
- .581 
- .431 
- .297 
- .163 
- .047 
.6030 
.7419 
.7508 
.7535 
.7484 
.7333 
,7055 
.6612 
.5948 
.4977 
.3566 
.1502 
- .037 .1199 
360 - 1 .4444 
400 -1.3897 
440 -1.3023 
48 0 -1.1715 
5 2 0  - .9802 
5 60  - .7023 
600 - ,2958 
600;'; - .2363 
-L 
"The v a l u e s  i n  t h i s  row were ob ta ined  by us ing  At = 32.5 s e e  i n s t e a d  
of 40.68 s e c .  I f  nX = 0 f o r  t > 612.5 ,  t h e s e  v a l u e s  should  be used 
i n s t e a d  of those  l i s t e d  i n  t h e  r e g u l a r  t a b l e  f o r  t j  = 600 seconds.  
j 
30 
12.930 
13.118 
11.144 
9.297 
7 . 5 8 1  
6 .004 
4 .576 
3.313 
2.219 
1 .319 
.624 
.151 
.151 
, 
L 
t 
i 
160 
200 
240 
280 
320 
360 
400 
440 
48 0 
520 
560 
600 
1.438 
2.068- 
2.440 
2.860 
3.338 
3.887 
4.525 
5.276 
6.179 
7.289 
8.702 
10.764 
8.599 
TABLE 1.5 
E ( t j )  
2.972 
3.487 
3.436 
3.366 
3.271 
3.144 
2.973 
2.747 
2.436 
2.015 
1.427 
.582 
.465 
-.730 
- 1.049 
- 1.239 
-1.452 
-1.695 
-1.973 
-2.297 
-2.679 
-3.137 
-3.701 
-4.418 
-5.465 
-4.366 
0.2995 
-. 3297 
-. 3033 
-. 2761 
- .247 9 
-. 2186 
-. 1881 
-. 1567 
-. 1237 
-. 0897 
-. 0547 
- .0186 
-. 0186 
J. 
"The va lues  i n  t h i s  row were obtained by us ing  At = 32.5 s e c  i n s t e a d  
of 40.68 seconds,  I f  @X = 0 f o r  t > 612.5, t hese  va lues  should be used 
i n s t e a d  of those l i s t e d  i n  the  r egu la r  t a b l e  f o r  t 
j 
= 600 seconds.  
j 
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, 
The r e s u l t s  j u s t  d e s c r i b e d  g i v e  t h e  i n f l u e n c e  c o e f f i c i e n t s  f o r  AX, 
a f / m  and AX, a s  they  a f f e c t  Ar and ne. 
i n t e r e s t  i n  themselves  f o r  t h e  i n s i g h t  t hey  provide .  For computa t iona l  
convenience,  l a r g e  i n t e g r a t i o n  s t e p s  were taken.  This  was done on a 
desk  c a l c u l a t o r ,  and t h e  procedure o u t l i n e d  can be  checked a g a i n s t  t h e s e  
r e s u l t s  by a desk  c a l c u l a t o r  t o  v e r i f y  t h e  s t e p s  involved .  Although 
t h e s e  r e s u l t s  a r e  a c c u r a t e  through two s i g n i f i c a n t  f i g u r e s  , t h i s  is n o t  
s u f f i c i e n t  f o r  l a t e r  work where t h e  assumption of  a c o n s t a n t  c o e f f i c i e n t  
sys tem and t h e  i n t e g r a t i o n  s t e p s  were n e c e s s a r i l y  reduced from 40 second 
i n t e r v a l s  t o  5 second i n t e r v a l s .  These more a c c u r a t e  r e s u l t s  were 
ob ta ined  from an  IBM 1620 d i g i t a l  computer program and used t o  d e r i v e  
t h e  guidance f u n c t i o n  d i s c u s s e d  i n  the  fo l lowing  c h a p t e r .  
t he  numerical  example w i t h  s t epwise  e v a l u a t i o n  inc luded  i n  t h i s  c h a p t e r  
shou ld  s e r v e  t o  i l l u s t r a t e  t h e  procedure desc r ibed .  
I n  t h a t  r e s p e c t  they  a r e  of 
Never the l e s s ,  
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CHAPTER I1 
DETERMINATION OF A GUIDANCE FUNCTION 
S e c t i o n  1. F i t t i n g  the  Nominal T r a j e c t o r y  
Equat ions  (1.5.14) and (1.5.15) of the  preceding  c h a p t e r  provide  an 
af e x p l i c i t  s o l u t i o n  f o r  Ar and ne a s  a f u n c t i o n  of AXo, y(t) and m ( t ) .  
These equa t ions  can be employed t o  ensure t h a t  %, a f u n c t i o n  d e r i v e d  t o  
approximate t h e  f u n c t i o n  X on the  s t anda rd  t r a j e c t o r y ,  w i l l  meet t h e  
r e q u i r e d  end c o n d i t i o n s ,  @x = ne = 0. 
and - ( t )  = 0. 
t h e  nominal v a l u e  of X, t h e  c o n t r i b u t i o n  of h i g h e r  o r d e r  terms becomes 
- n e g l i g i b l e .  It w i l l  be assumed t h a t  t h i s  can be done s u f f i c i e n t l y  w e l l  
by d e s c r i b i n g  ? as a q u a d r a t i c  i n  t. 
t r a n s f o r m a t i o n  w i l l  be employed. 
Under s t a n d a r d  c o n d i t i o n s  @Xo = 0 
I n  a d d i t i o n  t o  t h i s ,  i f  k s u f f i c i e n t l y  w e l l  approximates af m 
For convenience,  t h e  fo l lowing  
t' - ti 
(2.1.1) 100 ' ' t =  
where t '  denotes  t ime on any t r a j e c t o r y  and t i  deno tes  i g n i t i o n  time on 
t h a t  same t r a j e c t o r y .  The term t '  on an a r b i t r a r y  t r a j e c t o r y  w i l l  be 
r e l a t e d  t o  t on t h e  s t a n d a r d  t r a j e c t o r y  by the  fo l lowing  e q u a t i o n ,  
t '  = t + At,, (2.1.2) 
where 
a to=  t - t .  i 0 
S u b s t i t u t i n g  t h e s e  expres s ions  i n t o  equa t ion  (2.1.1) g i v e s  
(2.1.3) 
t - to 
100 T =  
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This  d e f i n i t i o n  was a l r e a d y  used i n  equa t ion  (1.5.1).  Thus, equa t ion  
(2.1.1) o f f e r s  no c o n t r a d i c t i o n .  
The term ? w i l l  now be d e f i n e d  as 
With t h i s  d e f i n i t i o n  and o the rwise  s t a n d a r d  c o n d i t i o n s ,  equa t ions  (1.5.14) 
and (1.5.15) become, r e s p e c t i v e l y ,  
t 
(2.1.5) 
(2.1.6) 
The h ighe r  o r d e r  terms i n  these  expres s ions  have been cons idered  
n e g l i g i b l e .  The term & ( t )  is the  nominal c a l c u l u s  of v a r i a t i o n s  s o l u -  
t i o n  f o r  X. To ensure  t h a t  t h e  end c o n d i t i o n s  a r e  met ,  t h e  fo l lowing  
c o n s t r a i n t s  a r e  imposed on the  c o e f f i c i e n t s  E o ,  Cl and E,. 
- s'" f ,  d t  + 'C, f n  flT d t  = - f1T2 d t  + f n  f ,&( t )  d t .  
cO 
t0  t 0  t 0  
(2.1.7) 
CO g, d t  + El f n  g1T d t  = - E, f n  g,T2 d t  + f n  glXs(t)  d t .  
t0  t 0  t0  
(2.1.8) 
- s" 
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The i n t e g r a l s  i n  equa t ions  (2.1.7) and (2.1.8) can be eva lua ted  
q u i t e  w e l l  from the  c o e f f i c i e n t s  i n  Tables  1 .4  'and 1.5 t o g e t h e r  w i t h  
t h e  v a l u e s  of T and X, t a b u l a t e d  i n  Table 2.1. Although t h e s e  q e s u l t s  
may d i f f e r  i n  t h e  t h i r d  o r  f o u r t h  s i g n i f i c a n t  f i g u r e  from t h e  v a l u e s  
shown below, t h e  v a l u e s  p re sen ted  were  t hose  a c t u a l l y  used. S ince  t h e  
r e s u l t i n g  f u n c t i o n  2 f i t s  s u f f i c i e n t l y  w e l l ,  - t h e  r e s u l t s  of t h e  fo l lowing  
c o n s t r a i n t s  were n o t  c o r r e c t e d .  
14.284 z0 + 28.8545 ?,, = - 79.49615 z z  + 1080.9536 
.5872 Eo + 1.80745 E, = - 6.491105 E2 + 50.32710. 
So lv ing  f o r  Eo and E, y i e l d s  
- 
= 4.914469 E ,  + 56.523779 (2.1.9) 
cO 
- c, = - 5.187907 E 2 . +  9.480948. (2.1.10) 
S u b s t i t u t i n g  t h e s e  v a l u e s  i n t o  t h e  e x p r e s s i o n  f o r  5 shown i n  equa- 
t i o n  (2.1.4) y i e l d s  
where 
a ( T )  = 4.914469 - 5.1879077 + T~ 
and 
b(T) = 56.523779 + 9.4804487. 
(2.1.11) 
Any cho ice  of E ,  i n  e q u a t i o n  (2.1.11) w i l l  produce a & and A0 of ze ro  
p rov id ing  the  r e s u l t a n t  v a l u e  of  
o r d e r  terms a r e  n e g l i g i b l e .  
mind. 
expres s  ion: 
is  s u f f i c i e n t l y  s m a l l  t h a t  the h i g h e r  
A va lue  of E z  must be chosen w i t h  t h i s  i n  
The sum of the  squared  r e s i d u a l s  a r e  g iven  i n  the  fo l lowing  
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2 n 
s = C [ % T . )  J - X ( t j ) ]  . 
j= l  
Minimizing t h e  v a l u e  w i t h  r e s p e c t  t o  the  choice of E ,  g i v e s  the  fo l lowing  
l e a s t  squares  c o n s t r a i n t .  
S ince  
t h i s  becomes 
Using the expres s ions  f o r  a (T)  and b ( z )  i n d i c a t e d  i n  equa t ion  (2.1.11) 
and t h e  va lues  of 7.  and &.(t.) i n d i c a t e d  i n  Table 2.1 g i v e s  t h e  fo l low-  
ing numerical  expreds ion  f o r  J q u a t i o n  (2.1.1.2): 
40.78235 E ,  = 14.57552. 
This r e s u l t ,  t o g e t h e r  w i t h  equa t ions  (2.1.9) and (2.1.10) ,  y i e l d s  t h e  
fo l lowing  c o e f f i c i e n t s  f o r  ii. 
- 
C, = 7.6268 , 
Co = 58.2802 
C, = .3574/ 
1 - - 
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(2.1.13) 
and 
= 58.2802 + 7 . 6 2 6 8 ~  + . 3 5 7 4 ~ ~ .  (2.1.14) 
k i n  the  above expres s ion  is g iven  i n  degrees and T is de f ined  by 
equa t ion  (2.1.1). 
Table 2.1 shows a comparison of % w i t h  &, the  f u n c t i o n  t o  which 
i t  was f i t t e d ,  The r e s u l t i n g  r e s i d u a l s  a r e  s u f f i c i e n t l y  sma l l  t h a t  t h e i r  
e f f e c t  on second o rde r  terms is n e g l i g i b l e .  
TABLE .2.1 
COMPARISON OF X AND Xs 
1. ( sec )  
160 
200 
240 
280 
320 
360 
400 
440 
480 
520 
560 
T .  (102sec) 
.1319 
.5319 
.9319 
1.3319 
1.7319 
2.1319 
2.5319 
2.9319 
3.3319 
3.7319 
4.1319 
? ( T i )  (") 
59.292 
62.438 
65.698 
69.072 
72.561 
76.164 
79.882 
83.713 
87.660 
91.720 
95,895 
59.2255; 
62.460 
65.745 
69.119 
72.590 
76.168 
79.861 
83.676 
87.620 
91.693 
95.896 
.067 
-. 022 
- .047 
- .047 
-. 029 
- .004 
.021 
.037 
.040 
.027 
-. 001 
600 4.5319 100.184 100.223 - .039 
J. 
" The va lue  59.225 was erroneously used i n  the f i t  shown he re .  The 
a c t u a l  v a l u e ,  as shown i n  Table 1.3, was  59.255. This would make t h e  
a c t u a l  r e s i d u a l  a t  t h i s  p o i n t  .040 i n s t e a d  of .067. Since the coef- 
f i c i e n t s  i n  equa t ion  (2.1.13) were used i n  l a t e r  work and s i n c e  the  
e r r o r  was of minor s i g n i f i c a n c e ,  for  cons i s t ency  and economy of e f f o r t ,  
t h i s  c o r r e c t i o n  was no t  made and the c o e f f i c i e n t s  i n  % have been employed. 
as they  appear i n  equat ion (2.1.14). 
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S e c t i o n  2. I n i t i a l  Condi t ions 
I f  we t ake  ano the r  look  a t  equa t ions  (1.5.14) and (1.5.151, they 
appear  as  fo l lows:  
c3: = u, so + jn F &? d t  + V, nXn At,  
t 
0 
and 
A0 = u, Axo + f n  G @F d t  + g 5  an At, 
where 
To keep t h e  guidance f u n c t i o n  as s i m p l e  a s  p o s s i b l e ,  t h e  second 
ord r terms must be n e g l i g i b l e  o r  made so .  The t e r m  V, AXn At is 
ex t remely  d i f f i c u l t  t o  e v a l u a t e  a t  second s t a g e  i g n i t i o n .  
AXn a r e  func t ions  of A f / m  and @X a long  t h e  e n t i r e  t r a j e c t o r y .  
of t h e  d i f f i c u l t i e s  involved,  t h i s  term w i l l  f i r s t  be  ignored ,  and i f  
a f t e r  making t h i s  assumption,  t he  r e s u l t i n g  f u n c t i o n  is  n o t  s u f f i c i e n t l y  
a c c u r a t e ,  t h e  problem can a g a i n  be  taken  up a t  t h a t  t i m e .  
Both At and 
Because 
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The second o r d e r  t e r m  g G n A t ,  however, poses a d i f f e r e n t  problem. 
The f o r c i n g  f u n c t i o n  which we wish t o  determine,  @X, appea r s  a s  a m u l t i -  
p l i e r .  This term w a s  t h e  on ly  one considered s i g n i f i c a n t  i n  t h e  fol low- 
ing term from t h e  e x p r e s s i o n  f o r  E ,  equa t ion  ( 1 , 3 . 3 ) ,  a f t e r  i t  was 
s u b s t i t u t e d  i n t o  equa t ion  (1.5.8). 
tc-Ato t,-Ato 
s TH LV d t  - 1 THl(l + 9) CX. d t .  (2.2.1) 
I f  c1x is chosen t o  be z e r o  throughout the i n t e r v a l  de f ined  by the  l i m i t s  
of i n t e g r a t i o n ,  the  e n t i r e  i n t e g r a l  would be ze ro .  This can be a s su red  
i f  a 6 is  determined such  t h a t  A t  2 6 f o r  a l l  l i k e l y  nonstandard t r a j e c -  
t o r i e s  (At = tc - t n  - At,). 
t h e  i n t e g r a l  appear ing  on the  r i g h t  i n  equa t ion  (2.2.1) w i l l  always be 
ze ro  and the  second o r d e r  term g&At has been e l i m i n a t e d  from the expres-  
s i o n  f o r  ne. 
By d e f i n i n g  @X such  t h a t  @X = 0, t > tn + 6, 
A t  second s t a g e  i g n i t i o n  t ime, the on ly  i n f o r m a t i o n  a v a i l a b l e  i s  
Af So; y ( t )  w i l l  no t  be known f o r  t > to u n t i l  a l a t e r  t ime,  and n o t  
comple te ly  known u n t i l  c u t o f f .  A va lue  of X must be de te rmined ,  however. 
With t h i s  i n  mind, L% w i l l  be  de f ined  a s  the  sum of two f u n c t i o n s .  One 
f u n c t i o n ,  clxo, w i l l  be determined a t  second s t a g e  i g n i t i o n  t o  meet the  
r e q u i r e d  end c o n d i t i o n s  i f  -(t) i s  zero throughout  t h e  second s t a g e .  
The o t h e r  f u n c t i o n  6X w i l l  be determined a s  a f u n c t i o n  of Af/m as t h i s  
f u n c t i o n  becomes known. Thus, AX is defined a s  
@f 
m 
nx = mo + 6X. (2.2.2) 
Under t h e  assumptions j u s t  d e s c r i b e d ,  AXo must s a t i s f y  the  fo l lowing  
e q u a t i o n s .  
tn+6 tn+6 tn+6 
f ,  AX d t  + f, & d t  + f 3  d t  = 0, (2.2.3) s 0 s s AC = u1 Axo + 
t 
0 
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and 
tn+6 tn+6 tn+6 
ne = U2 AXo + J g, m0 d t  + 1 g, rn; d t  + s g j  AX: d t =  0 .  (2.2.4) 
t t t 
0 0 0 
The s o l u t i o n  i n  t h e  example g iven  i n  Chapter I w a s  ob ta ined  by 
assuming a c o n s t a n t  c o e f f i c i e n t  system of d i f f e r e n t i a l  equa t ions  f o r  
i n t e r v a l s  of 40 seconds and t h e  i n t e g r a l  eva lua ted  by summing over  
40-second i n t e r v a l s .  
t h a t  the numerical  r e s u l t s  could be ob ta ined  by s imple  desk  c a l c u l a t o r  
o p e r a t i o n s .  The numerical  v a l u e s  employed i n  t h e  fo l lowing  s e c t i o n s  
assumed a c o n s t a n t  c o e f f i c i e n t  system over f ive-second i n t e r v a l s  and 
eva lua ted  the  i n t e g r a l  by summing over f ive-second i n t e r v a l s .  This was 
done on a n  IBM 1620 d i g i t a l  computer and a l though  d i f f e r i n g  on ly  i n  the  
t h i r d  s i g n i f i c a n t  f i g u r e  i n  most c a s e s ,  was cons idered  necessa ry  f o r  t h e  
accuracy  des i r e d .  
This w a s  done t o  s i m p l i f y  t h e  problem t o  the  p o i n t  
From o b s e r v a t i o n  of the  r e s u l t s  of s e v e r a l  d i f f e r e n t  c a l c u l u s  of 
v a r i a t i o n s  s o l u t i o n s ,  i t  w a s  expected the  fo l lowing  form would be ade- 
qua te  to  r e p r e s e n t  CX 
0. 
Since the s t a n d a r d  t r a j e c t o r y  is expec ted  t o  always be inc luded  
among the l i k e l y  t r a j e c t o r i e s ,  6 w i l l  always be l e s s  than o r  equal  t o  
ze ro .  The v a l u e  a s s igned  t o  6 i n  t h i s  r e p o r t  is  -8.18 seconds.  
The requi rements  s t a t e d  i n  equa t ions  (2.2.3) and (2.2.4) seem t o  
imply t h a t  the  s imul taneous  s o l u t i o n  of two t h i r d - d e g r e e  polynomials i n  
two v a r i a b l e s  is  needed. It should  be remembered t h a t  i f  t h e  l i n e a r  
terms a r e  ex t remely  l a r g e  w i t h  r e s p e c t  t o  the  h i g h e r  o r d e r  terms,  the  
l i n e a r  expres s ion  i t s e l f  p rovides  a good approximat ion  t o  t h e  s o l u t i o n .  
Such is the case  i n  the  problem a t  hand. The s o l u t i o n  t o  t h e  l i n e a r  
sys tem can be used t o  approximate the  second o r d e r  term t o  e f f e c t  a n  
i t e r a t i o n  on the s o l u t i o n .  The l i n e a r  sys tem can be expressed  as 
f 01 lows : 
40 
where 
a.nd . 
ac' = E]. 
(2.2.7) 
(2.2.9) 
AC; and AC:, the  s o l u t i o n  t o  the  l-.iear s y s t e g a r e  determined as fo l lows :  
AC' = - B'l U AXo. (2.2.101 
The second i t e r a t i o n  g i v e s  
from the  fo l lowing  equat ion:  
2 
BAC" + U AXo + B2 AC' = 0 ( 2 2 . 1 1 )  
41 
. 
where 
and 
Then , 
2 AC" = - B" U AXo - B'l B;, AC' . 
(2.2.12) 
(2.2.13) 
(2.2.14) 
The t h i r d  i t e r a  t i o n  inc lud ing  t h e  t h i r d  ordered  term g i v e s  
t h e  s o l u t i o n  t o  t h e  fo l lowing  equat ion:  
2 
BAC + U AXo + B, AC" + B3 = 0,  (2.2.15) 
2 
where AC" 
by AC; and AC!!, r e s p e c t i v e l y ,  
is obta ined  from equa t ion  (2.2.12) by r e p l a c i n g  AC; and AC; 
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and 
d t .  
t 
0 
The s o l u t i o n  f o r  AC is 
(2.2.17) 
2 
AC = [:I] = - B'l U AXo - B'l B, AC" - B'l B3 X I f 3 .  (2.2.18) 
The i n t e g r a l s  and o t h e r  numerical  elements necessa ry  t o  de te rmine  
t h e  m a t r i c e s  r e q u i r e d  of the  above equat ions a r e  l i s t e d  i n  Appendix 111. 
They have been obta ined  numer i ca l ly  under the  assumption of a c o n s t a n t  
c o e f f i c i e n t  sys tem over five-second i n t e r v a l s ,  and the  i n t e g r a l s  eva lua ted  
by summing over  f ive-second i n t e r v a l s .  These r e s u l t s  y i e l d  t h e  fo l lowing  
ma t r i c e s  : 
= C:.l= 
- 
P 
.349481 1.259049 .170980 
-. 008175 -a007129 -.005744 
- 
(2.2.19) 
-14.523714 
B = [  .570968 
(2.2.20) 
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i: .092285 -. 328751 -2.8132521 
B2 = 1 . 0 0 3 1 6 8  .016477 
- 
.0007 37 .004048 .043109 .57 2059 
-, 000307 - .004554 - .075637 
B 3 =  [ 
' -.000029 
I n v e r t i n g  t h e  m a t r i x  i n  equa t ion  ( 2 . 2 . 2 0 )  g i v e s  
- 
.143038 1 .887071 - B-1 = [ 
- .013512 - .343720 - 
The r e s u l t ,  t o g e t h e r  w i t h  equa t ions  
g i v e s  
.034562 .166639 .013617 .055082 - B'1U = -. 001912 -. 014562 -. 000336 -. 003864 
- 
- .007 222 -. 015931 
,000158 -. 001221 - 
- 
.00005 1 0 
0 .00005 1 - 
( 2 . 2 . 2 1 )  
( 2 . 2 . 2 2 )  
( 2 . 2 . 2 3 )  
and ( 2 . 2 . 2 3 ) ,  
Y ( 2 . 2 . 2 4 )  
( 2 . 2 . 2 5 )  
- .060906 
( 2 . 2 . 2 6 )  
.018268 I* -, 002427 .000983 
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Choosing t h e  fo l lowing  i n i t i a l  c o n d i t i o n  d e v i a t i o n s  , a n  example of 
t h e  d e t e r m i n a t i o n  of AC w i l l  be  fol lowed.  
axo = 
This , t o g e t h e r  
ac' = 
17.2860 
5.5463 
-4.6494 
w i t h  equa t ions  (2.2.10) and (2.2.24),  g i v e s  
2 
The term AC' , def ined  i n  e q u a t i o n  (2.2.12), is 
i .0814 1 
- 
.11319 I* -1.7554 - 
2 
AC' = -.39739 . 
.012812 - 1 
T h i s ,  w i t h  equa t ions  (2.2.14) and (2.2.251, g i v e s  
.AC" = 
-. 01692 -1.7723 
' -I- [ .000702l = [ .1138J* 
(2.2.27) 
(2.2.28) 
2 This  r e s u l t  can be used t o  de te rmine  AC" and ACfr3 a s  de f ined  by 
e q u a t i o n s  (2.2.12) and (2.2.16),  r e s p e c t i v e l y ,  t o  g i v e  
i .1410 1 
-.40369 1 and nc"3 = 
.012971] 
-5.5668 
1.07320 
- .06897 
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These r e s u l t s  a r e  used i n  e q u a t i o n  (2.2.18),  t oge the r  w i t h  the 
m a t r i c e s  d e f i n e d  by equa t ions  (2.2.25) and (2.2.26), t o  g i v e  t h e  
fo l lowing  s o l u t i o n  AC. 
ac =[4 = 
-. 0173 -. 0002 
+ [ .ooooJ + [ . o o o o ~  
- 
-1.7727 
(2.2.29) 
S e c t i o n  3.  Second Stage  P e r t u r b a t i o n s  
Having obta ined  a f u n c t i o n ,  CXo, which should meet t h e  r e q u i r e d  end 
cond i t ions  f o r  a s t anda rd  second s t a g e ,  i t  remains on ly  t o  de te rmine  8 X  
such  t h a t  t h e  e f f e c t  o f  A f / m  on t h e  end cond i t ions  is  small .  This  
r e q u i r e s  f u r t h e r  i n v e s t i g a t i o n  of t h e  expres s ions  f o r  Ar and A8 which 
a r e  obta ined  from equa t ions  (1.5.14) and (1.5.15).  A r e s t a t e m e n t  of 
t h e s e  equa t ions  w i t h  t h e  omiss ion  of t h e  second o r d e r  t e r m s  which have 
a l r e a d y  been neg lec t ed  o r  accounted f o r  y i e l d s  the  fo l lowing  expres s ions .  
Ar = u, Axo + in. aF d t ,  
t 
0 
and 
Ae = u, axo + i n G  @F d t .  
(2.3.1) 
(2.3.2) 
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S u b s t i t u t i o n  of U2 f o r  U, and G f o r  F t ransforms the expres s ion  f o r  Ar 
i n t o  t h e  expres s ion  f o r  ne. With t h i s  i n  mind, on ly  the e x p r e s s i o n  f o r  
& w i l l  be cons ide red ,  and the corresponding r e s u l t  f o r  A8 can be 
obta ined  by t h e  s u b s t i t u t i o n  j u s t  desc r ibed .  From equa t ion  (2.2.2), 
&% = AXo + 6X. 
and r e c a l l i n g  t h a t  @I? is de f ined  a s  
S u b s t i t u t i n g  t h i s  expres s ion  i n t o  AF i n  equa t ion  ( 2 . 3 . 1 ) ,  
1 
+ m) AX2 
f / m  
Y ( 2 . 3 . 3 )  
g i v e s ,  a f t e r  expanding and neg lec t ing  a l l  p r e v i o u s l y  unaccounted terms 
h i g h e r  than second o r d e r ,  t h e  fo l lowing  expres s ion .  
t t n t 
& = u, Axo + f ,  nX d t  + f, @Xg d t  + [ f 3  AX: d t  
t 
0 
+ f i g  6x1 d t .  
f/m m 
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It w i l l  be r e c a l l e d  t h a t  t h e  c o e f f i c i e n t s  f o r  AXo were determined 
t o  s a t i s f y  equa t ion  ( 2 . 2 . 3 ) .  This c o n s t r a i n t  r e q u i r e d  t h e  fo l lowing  
r e l a t i o n s h i p  t o  e x i s t .  
f ,  AXo d t  + in f, AX2 0 d t  + In f 3  AX: d t  = 0. 
Thus, the e n t i r e  c o n t r i b u t i o n  t o  Ar stems from the l a s t  i n t e g r a l  of the 
expres s ion ,  namely, 
cir = f n [ ( f l  + 2f, Axo) 6X + f1 /m A X )  o af m + f ,  6X2 
t 
0 
f l  af 
f/m m + -- 6x1 d t .  ( 2 . 3 . 4 )  
The e v a l u a t i o n  of the  above i n t e g r a l  r e q u i r e s  t h e  knowledge of 
a f / m  along the e n t i r e  t r a j e c t o r y .  This i n fo rma t ion  is n o t  a v a i l a b l e  
u n t i l  a f t e r  the c u t o f f  c o n d i t i o n s  have been reached .  However, i n  
o r d e r  t h a t  the i n t e g r a l  be z e r o ,  i t  is s u f f i c i e n t  t h a t  the  in t eg rand  
be ze ro  everywhere. I n  de te rmining  a n  adequa te  guidance  f u n c t i o n ,  t h i s  
r e s t r i c t i o n  can be r e l a x e d .  It is  s u f f i c i e n t  t h a t  the  in t eg rand  be 
s u f f i c i e n t l y  nea r  z e r o  t h a t  the  i n t e g r a l  is n e g l i g i b l e .  
. accomplish t h i s ,  6X must be a f u n c t i o n  of a f / m .  
chosen f o r  6X. 
I n  o r d e r  t o  
The fo l lowing  form is  
2 
6X = w, - m + w, (g) . ( 2 . 3 . 5 )  
4 8  
S u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  equat ion  (2.3.4) and n e g l e c t i n g  terms 
h i g h e r  t h a n  second o r d e r  g i v e s  
where 
and 
f l  sr2(t) = f,W, + f2w12 + -f/m '1. 
S i m i l a r l y ,  f o r  ne, the  fo l lowing  expre 
(2.3.7) 
(2.3.8) 
i on  is ob ta ined :  
where 
(2.3.10) 
and 
(2.3.11) 
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The termW1 w i l l  be  cons idered  a q u a d r a t i c  f u n c t i o n  of T and t h e  
c o e f f i c i e n t s  determined t o  minimize t h e  sum of s q u a r e s  of  equa t ions  
(2.3.7) and (2.3.10) s imul t aneous ly  f o r  a number of t i m e  p o i n t s  a long  
the  t r a j e c t o r y .  W, w i l l  a l s o  be cons idered  a q u a d r a t i c  f u n c t i o n  of T 
and t h e  c o e f f i c i e n t s  determined s i m i l a r l y  us ing  equa t ions  (2.3.8) and 
(2.3.11). For convenience,  t h e  fo l lowing  d e f i n i t i o n s  w i l l  be  used 
where t h e  i n d i c a t e d  summation is in tended  t o  i n c l u d e  a convenient  
number of t ime p o i n t s  evenly  d i s t r i b u t e d  over  the e n t i r e  t r a j e c t o r y .  
T 
T2 
T3 
1 T T2 
T T2 T3 
T2 T3 T4 - - 
(2.3.12) 
(2.3.13) 
(2.3.15) 
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(2.3.17) 
(2.3.18) 
(2.3.19) 
(2.3.20) 
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1 
T 
T2 - 
r 
I 
T 
T2 
T3 
T 4  - 
T 
T2 
T3 
T 
T2 
T3 
T 
T2 
T3 
T 4  
T5 
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(2.3.21) 
(2.3.22) 
(2.3.24) 
(2.3.25) 
a =  
a2 
z 
T2 
T3 
z4 
T5 
(2.3.26) 
(2.3.27) 
w i t h  t h e s e  d e f i n i t i o n s  e s t a b l i s h e d ,  W1 and W2 w i l l  be  de f ined  a s  
fo l lows  and a l e a s t  s q u a r e s  f i t  obtained.  
c 
W, = bo + blT + b,?. (2.3.28) 
w2 = a. + a lz  + a2z2. (2.3.29) 
Minimizing t h e  sum of squa res  of equa t ion  (2.3.7) over  t h e  
s p e c i f i e d  number of t i m e  p o i n t s  y i e l d s  the fo l lowing  c o n s t r a i n t  on t h e  
c o e f f i c i e n t s  bo, b, and b2: 
C(6r)b = Cl(6r) + C2(6r) + 2b"(b) C3(6r) AC. 1 
The c r i t e r i o n  f o r  minimizing the sum of squa res  of W ( t )  de f ined  
i n  e q u a t i o n  (2.3.10),  however, i s  
C(68)b = C1(68) + c,(Se) + 2b"(b) C3(6e) 1 
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I n  g e n e r a l ,  t h e  l e a s t  squa res  c r i t e r i o n  f o r  6 r l ( t )  d i f f e r s  from 
t h a t  r equ i r ed  f o r  69,( t ) .  A s i n g l e  s o l u t i o n  r e q u i r e s  one c r i t e r i o n  
which is  a f u n c t i o n  of the  two s e p a r a t e  c r i t e r i a  j u s t  d e r i v e d .  The 
s i n g l e  c r i t e r i o n  used i n  t h i s  r e p o r t  w i l l  be a weighted sum of the  two 
s e p a r a t e  c r i t e r i a  j u s t  de r ived .  To t h i s  end, the  fo l lowing  m a t r i c e s  
w i l l  be  de f ined .  
D 1  = Cl(6r) + C1(6e). ( 2 . 3 . 3 1 )  
D3 = C3(Sr) + a;s’ C3(6e). ( 2 . 3 . 3 3 )  . 
D 4  = C4(Sr) + C4(6e). ( 2 . 3 . 3 4 )  
The symbol a is a weight used t o  r e p r e s e n t  the  r e l a t i v e  importance 
of angu la r  e r r o r  ne t o  r a d i a l  e r r o r ,  Ar. Combining the two s e p a r a t e  
c r i t e r i a  i n t o  one c r i t e r i o n  i n  the  manner d e s c r i b e d ,  y i e l d s  the  fo l low-  
ing c o n s t r a i n t  on b. 
The term i n  b r a c k e t s  r e p r e s e n t s  a second o r d e r  term and w i l l  be 
handled by o b t a i n i n g  an approximate s o l u t i o n  b’ by ignor ing  h ighe r  o r d e r  
terms and then  de termining  b by us ing  b’ t o  approximate b i n  the  expres -  
s i o n  b‘”(b), 
d e f i n e s  b’ . w i t h  t h i s  i n  mind, the  s o l u t i o n  t o  t h e  fo l lowing  equa t ions  
Db’ = D,. 
Then, 
(2.3.36) b '  = D'l D ~ .  
With t h i s  f i r s t  o r d e r  approximation a v a i l a b l e ,  a n  i t e r a t i o n  w i l l  be used 
t o  de te rmine  b from t h e  equa t ions  
Db = D, + r D 2  + 2b"(b') D3 AC, 
L 1 
and 
b = D - l  D1 + D - l  D2 + 2b"(b') D3 AC, I 
o r  
(2.3.37) 
Having determined t h e  c o e f f i c i e n t s  € o r  W1, i t  remains on ly  t o  
de te rmine  t h e  c o e f f i c i e n t s  f o r  W2. Minimizing the  sum of s q u a r e s  of 
sr,(t) g i v e s  
S i m i l a r l y  f o r  6e , ( t ) ,  the  fo l lowing  r e s u l t  is ob ta ined :  
c(68)a = b"(b) D,b + D4b. 
Combining t h e s e  two expres s ions  a s  be fo re  g i v e s  
Da = b"(b) D,b + D4b. 
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Af 
m The c o n t r i b u t i o n  of W,(Af/m)2 is  s m a l l  compared t o  t h a t  o f  W1 -. 
a d d i t i o n ,  b' is a good f i r s t  o r d e r  approximat ion  t o  b .  
f a c t s  and to  avoid u n n e c e s s a r i l y  complicated expres s ions  in t roduced  by 
r e l a t i v e l y  i n s i g n i f i c a n t  t e r m s ,  b '  w i l l  be  used i n  t h e  above sys tem 
thus  making "a" independent  of AC. Under t h e s e  c o n d i t i o n s ,  t h e  fol low- 
ing equa t ion  w i l l  be  used t o  de te rmine  "a", 
I n  
I n  view of t h e s e  
8.040666 25 ~ g 1 2 ~ - : '  = 6.737941 x 
D4b' + b"(b')  D5b' (2.3.38) 
Equat ions (2.3.36),  (2.3.37) and (2.3.38) p rov ide  a means of 
de te rmining  t h e  c o e f f i c i e n t s  f o r  W1 and W2 s o  a s  t o  minimize,  a s  nea r  
a s  p o s s i b l e  w i t h i n  t h e  r e s t r i c t i o n s  inposed,  t h e  sum of squa res  of 
6 r , ( t ) ,  Gr , ( t ) ,  69 , ( t ) ,  and &3,(t) and hence t h e i r  e f f e c t  on Ar and A9. 
An example w i l l  de te rmine  whether  or no t  t h i s  has  been accomplished 
s u f f i c i e n t l y  w e l l  f o r  t h e  r e s u l t  t o  be  used as a guidance  f u n c t i o n ,  
The va lues  f o r  t he  f's and t h e  g ' s  were no t  a v a i l a b l e .  The com- 
p u t e r  program employed y i e l d e d  t h e  f ' s  and g ' s  eva lua ted  a t  f i v e -  
second i n t e r v a l s  and mul t - ip l ied  by At = 5 s e c .  S ince  eve ry  v a l u e  used 
was m u l t i p l i e d  by t h e  same c o n s t a n t ,  t h e  l ea s t  squa res  s o l u t i o n  is 
mathemat ica l ly  i d e n t i c a l  t o  t h a t  which would have been ob ta ined  i f  
none of the  v a l u e s  had been m u l t i p l i e d  by At.  S ince  t h e  fo l lowing  
summations were done on t h e  desk c a l c u l a t o r ,  o n l y  eve ry  f o u r t h  p o i n t  
was used and each summation involved 24 t i m e  p o i n t s  spaced 20 seconds 
apar t  beginning w i t h  t = 150 seconds.  The fo l lowing  numer ica l  v a l u e s  
were obta ined  . 
f12 = .662385 25 l g 1 2  = .118972 x 
f,% = 
25 c 1.11207 1 
25 7 f12-r2 = 
_-I 
25 7 f12,c4 = 
i 
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25 1 f l f 4 T  = -4.104875 . 
= . lo0396 x 
25 1 f lf4a2 = -7,961945 
25 g i g 4  = - .26176 x 10" 
25 1 g l g 4 T  = - ,55670 x IO'* j ( 2 .3 .40 )  
25 1 glg,T2 = -1.573233 x 10-7 
25 1 %= .071016 2 1 25 1 % = .008462 x ! 
I 
I 
25 1 = .027354 10-2 i 
f l m  I 1 (2 .3.41)  
= .390356 x 
2 3  
25 L f / m  25 1 = ..656697 
25 1 fk7;4 = 1.942588 25 1 e = 1.569404 x 
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25 1 f,f, = .42248 x 
25 1 flf2-r = .59287 x 10" 
f , f , ~ ~  = 1.27461 x 10" 
25 i: 
f,f,-r3 = 3.29295 x 10" 
25 c 
f,f2-c4  = 9.43480 x 10' 
25 z 
1 
.040996 x l o m 4 /  25 c g l g ,  = 
25 C g l g z T  = .lo2289 x 
25 lg,g,.r" = .316953 x 
1 
1 
25 1 g l g 2 r 3  = 1.079346 x 
25 c 
I, 
I 
I glg2-r4 = 3.876986 x 
25 1 f , f , ~ ~  = 29.30378 x lo-' 
25 ~ f , i , - r "  = 95.57426 x 
25 \ jg,g,-r5 = 14.529144 x 
25 l g l g 2 - r "  = 55.835969 x 
(2.3.42) 
To o b t a i n  one s e t  of equat ions ,  i n s t e a d  of one f o r  Cy and another  
f o r  ne, i t  is necessary t o  choose a s u i t a b l e  v a l u e  f o r  a. 
chosen f o r  t h i s  r e p o r t  i s  a = 5. This  is  equ iva len t  t o  say ing  t h a t  an  
e r r o r  i n  ang le  of 0.1 degree is f i v e  t i m e s  as bad a s  an  e r r o r  i n  r ,  
e, of 100 m. O r ,  e q u i v a l e n t l y ,  a va lue  of Ar of 100111 is weighted t h e  
same a s  A0 = .02 degrees .  
the  sums eva lua ted  i n  equat ions  (2.3.39) through (2.3.42) g ives  t h e  
following mat r ices :  
The va lue  
l With a = 5,  $ = 25. This ,  t oge the r  w i t h  
25D = 
I 
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.652128 1.218949 3.198232 
1.218949 3.198232 9.725151 
3.198232 9.725151 8.355253 
. 
. 
(2.3.43) 
I 
25D, = 
- 
3.483400 
4.244050 
8.355253 - ~ 
i -. 269516 
- .754286 
-.269516 -2.334939 1 - .07 31 32 -. 114820 
L 
- .432729 
- ,618442 
- 1,353848 
- 3.562787 
-10.404047 - 
- .073132 
- .114820 
-. 269516 - 
- .4327 29 
-. 618442 
25D5 = -1.353848 I -10.404047 -3.562787 
- .114820 
-. 269516 
- .7 54286 
-. 618442 
- 1.35 3848 
-3.562787 
-10.404047 
-32.936066 
- 
- 269516 
-. 754286 
-2.334939 - 
- 1.35 3848 
-3.562787 
-10.404047 
. -32.936066 
-109.533252 
(2.3.44)  
(2 .3 .45)  
(2 .3 .46)  
(2 .3 .47)  
x (2 .3 .48)  
L 
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From equa t ion  (2.3.43) ,  t h e  fo l lowing  i n v e r s e  is  ob ta ined .  
-.29707 
11.368704 -11.105430 
14.7 24394 
2.227201 -3.347514 
-1 
[25Dl] = 25 1 = 
. 
Equations (2.3.36) ,  (2 .3 .44) ,  and (2.3.49) g i v e  the  fo l lowing  
s o l u t i o n  f o r  b ' .  
b '  = 
Equations (2.3.45) and (2.3.49) y i e l d  
D'l D2 = 
-. 15656 . 1 1 2 2 q  
.0237 2 
.00002 ,006071 
(2.3.50) 
(2.3.51) 
Refe r r ing  t o  equat ions  (2.3.20) ,  (2 .3 .46) ,  (2.3.49) and (2.3.501, 
t he  fol lowing r e s u l t  is ob ta ined .  
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(2.3.52) 
The r e s u l t s  obtained from equat ions (2.3.50),  (2.3.51),  and 
(2.3.52) can be combined i n  equat ion (2.3.37) t o  g ive  the fol lowing 
va lues  f o r  t he  c o e f f i c i e n t s  of W1. 
From equat ions  (2.3.47), 
D-l D4b = 
- 
.22390 
.07619 1 ,14828 -.61467 AC. -. 39032 -, 01720 - 
(2.3.49) and (2.3.50), we g e t  
Equations (2.3.20), (2.3.48), (2.3.49) and (2.3.50) g ive  
D'l bJC(b')  D4b' = .7580 
(2.3.53) 
(2.3.54) 
(2.3.55) 
Using the  express ion  obtained i n  equat ions  (2.3.54) and (2.3.55) 
t o  eva lua te  equat ion  (2.3.38) gives  the  fol lowing c o e f f i c i e n t s  f o r  W z ,  
a =  
- 1  
a2 I 
(2.3.56) 
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The complete expres s ion  for  X can now be  s t a t e d .  Equat ions  (2.1.13), 
(2.2.2), (2.2.5), (2.3.5),  (2.3.281, (2.3.291, (2.3.53), and (2.3.56) 
y i e l d  the fo l lowing  f u n c t i o n .  
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X = (58.2802 + AC,) + 7.62687 + (.3574 + AC,)T~ + (bo + bl.r + b2T2) - m 
0 5 7 5 4.65685 
x = 58.2802 + 7 . 6 2 6 8 ~  + .3574.r2, T > 4.65685 
I 
/ 
(2.3.57) 
The terms ACo and AC, a r e  determined a t  second s t a g e  i g n i t i o n  from 
equat ions  (2.2.10),  (2.2.14), and (2.2.18) u s i n g  the m a t r i c e s  eva lua ted  
i n  equat ions  (2.2.24), (2.2.25) and (2.2.26) w i t h  t h e  d e f i n i t i o n s  of 
equat ions  (2.2.9),  (2.2.12) and (2.2.16). Also bo, b l  and b, a r e  d e t e r -  
mined a t  second s t a g e  i g n i t i o n  and a r e  eva lua ted  a f t e r  ACo and AC2 by 
equa t ion  (2.3.53). The symbol 7 is  de f ined  i n  equa t ion  (2.1.1),  and 
@f/m is  def ined  a s  fo l lows .  
Af f 8.78065 -(t) = --(t + At,) - m 1.3751 - . 2 0 8 8 8 ~  '
where Aflm i s  i n  m/sec2 and X is  i n  d e g r e e s .  
This  guidance f u n c t i o n  has  been de r ived  f o r  t r a j e c t o r i e s  i n  the 
neighborhood of  t h e  s t anda rd  t r a j e c t o r y  employed. The example a l r e a d y  
used t o  i l l u s t r a t e  the method of  de te rmining  AXo employed t h e  fo l lowing  
i n i t i a l  c o n d i t i o n  d e v i a t i o n s  s t a t e d  i n  e q u a t i o n  (2.2.27) where Axo, Ay0 
a r e  i n  km and niCo and a r e  i n  mlsec. 
2860 
5463 
6494 
3447 1 - 
These va lues  y ie lded  the  following va lues  f o r  AC, and AC, 
(equat ion 2.2.29). 
nc = [;;3 = - 
.11327 I* -1.7727 - 
These va lues  of ACo and AC, can be used i n  equat ion  (2.3.53) t o  
g ive  the  fol lowing va lues  f o r  bo, b, and b,. 
b =  
The func t ion  which would be used t o  determine X f o r  the dev ia t ions  i n  
i n i t i a l  condi t ions  used i n  t h i s  example would be 
X = 56.5075 + 7.62687 + . 4 7 0 6 7 ~ ~  + (11.7959 - 4 . 4 9 5 4 ~  + .4559.r2) 
m i  
4 
+ (-2.8790 + 1.59772 - , 2 2 8 0 ~ ~ )  (Af/m)* 
0 5 T 5 4.65685 
X = 58.2802 + 7 . 6 2 6 8 ~  + . 3 5 7 4 ~ ~ ,  z > 4.65685 
where 
- = -  Af f 8.78065 
m m  (t + At,) - 1.3751 - .208887 
1 
(2.3.58) 
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Sec t ion  4. Implementation 
The employment of the  guidance f u n c t i o n  j u s t  descr ibed  would 
involve  t h e  p r e c a l c u l a t i o n  of t h e  fol lowing q u a n t i t i e s  which have been 
numerical ly  eva lua ted  f o r  t h e  miss ion  under cons ide ra t ion .  
- 
Co = 58.2802 
C, = 7.6268 
.034562 
-B-lU = 
- 
- .007222 
.000158 - 
- 
.00005 1 
0 - 
.166639 
- .014562 
-. 015931 
-.001221 
0 
.00005 1 
.013617 
- .000336 
-. 078001 
- .021075 
- .002427 
.000983 
- 
-2.8790 
1.5977 
-. 2280 - - 
(2.4.1) 
.055082 
(2.4.2) -. 003864 1 
(2.4.3) 
- .060906 
(2.4.4) 
.018268 1 
(2.4.5) 
(2.4.6) 
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* 
With these quantities precomputed, they can be used to determine 
the following quantities as soon as AX, is determined. This is deter- 
mined by measuring x, y, 2 and ? at ignition time of the second stage. 
From these measurements the elements of .AXo are determined. 
mo = 
. 
X 
20 %I- 90 
- - 
153.983 
6435.878 
2818.329 
988.358 
- - 
J (2.4.7) 
where xo and yo are measured in kilometers and 2, and 9o are in m/sec. 
Then AC is computed in the following sequence of operations. 
nc' = 
.034562 .166639 .013617 .055082 
- .001912 - ,014562 -. 000336 -. 003864 - 
nc" = nc' + 
2 
(2.4.8) 
(2.4.9) 
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and 
-.015931 -.078001 
-000158 -.001221 -.021075 I AC = nc' + 
+ 
2 
AC" 
2ac; ac; 
.000051 0 -. 002427 
0 .00005 1 .000983 
(2.4.10) 
Having ob ta ined  the v a l u e s  of AGO and AC2, the  v a l u e s  of bo, b l  
and b, can be  determined. 
-. 39032 .22390 
.14828 -. 61467 
- .017 20 .07619 - 
AC . (2.4.11) 
With bo, b,, b,, AC, and AC, determined from t h e  d e v i a t i o n s  a t  second 
s t a g e  i g n i t i o n ,  So, the  t h r u s t  a n g l e  X is determined h e r e a f t e r  by the  
f o l  lowing f u n c t i o n .  
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I' 
X = (58.2802 + AC,) + 7.62687 + ( .3574 + AC,) T'+ bo m @f + blT - @ f \  
m I 
X = 58.2802 + 7 . 6 2 6 8 ~  + .3574.r2, 'I > 4.65685 / 
( 2 . 4 . 1 2 )  
The term a f / m  i n  t h e  above expres s ion  i s  determined by t h e  r e l a t i o n s h i p  
@f f 8.78065 
m 1 . 3 7 5 1 , -  .20888'1 ' - ( T )  = ; ( T )  - 
where 
t' - t 
i 
100 T =  
( 2 . 4 . 1 3 )  
( 2 . 4 . 1 4 )  
The term ti i s  second s t a g e  i g n i t i o n  on the  nons tandard  t r a j e c t o r y ,  
t' is time measured on t h e  nonstandard t r a j e c t o r y ;  t' and ti a r e  i n  
seconds ,  f/m is i n  m/sec2, and X is i n  degrees .  
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CHAPTER 111 
RESULTS AND CONCLUSIONS 
S e c t i o n  1. Adjustment t o  a D i f f e r e n t  Standard T r a j e c t o r y  
I n  the  even t  t h a t  performance of t r a j e c t o r i e s  i n  t h e  neighborhood 
of a d i f f e r e n t  s t a n d a r d  t r a j e c t o r y  is t o  be i n v e s t i g a t e d ,  i t  might be 
b e s t '  t o  d u p l i c a t e  the  computations which have been d e s c r i b e d  i n  Chapters 
I and I1 f o r  the  new s t a n d a r d  t r a j e c t o r y  i f  i t  d i f f e r s  g r e a t l y  from the  
s t a n d a r d  which was o r i g i n a l l y  assumed. However, i f  i t  d i f f e r s  only 
s l i g h t l y ,  t h e r e  w i l l  be s m a l l  d e v i a t i o n s  i n  t h e  d e s i r e d  end c o n d i t i o n s  
i f  t h e  f u n c t i o n  de r ived  f o r  % is used t o  d e f i n e  X on t h i s  t r a j e c t o r y .  
These d e v i a t i o n s  w i l l  be r ep resen ted  by the  fo l lowing  v e c t o r .  
LG= [;I. (3.1.1) 
To meet t h e  d e s i r e d  end c o n d i t i o n s ,  e q u a t i o n  (2.2.15) w i l l  be modified 
t o  t h e  fo l lowing :  
AR = BAC + U AXo + B2 ACIf2 + B3 + & = 0 .  (3.1.2) 
I f  t h e  d e f i n i t i o n  of AC' g i v e n  by equa t ion  (2.2.6) is modi f ied  t o  t h e  
d e f i n i t i o n  
AC' = - B" U AXo - B" 2, (3.1.3) 
t h e n  a l l  the  subsequent  computations can be  performed e x a c t l y  as be fo re .  
To demonst ra te  the  accuracy  of t h e  f u n c t i o n  which has  been d e r i v e d ,  
a n  a v a i l a b l e  computer program was employed which w a s  des igned  f o r  t h i s  
purpose.  The d i f f e r e n t i a l  equat ions of t h i s  program desc r ibed  t h e  
motion i n  t h r e e  dimensions and used a g r a v i t y  f i e l d  which d i f f e r e d  from 
t h a t  assumed i n  t h i s  r e p o r t .  The program w a s  ex t remely  i n t r i c a t e  and 
d i f f i c u l t  t o  a l t e r  s o  t h a t  i t  would d u p l i c a t e  t h e  s imple  two-dimensional 
69 
d i f f e r e n t i a l  equa t ions  of motion which were assumed i n  d e r i v i n g  t h e  
guidance  f u n c t i o n  presented  i n  Chapter 11. It was cons idered  s i m p l e r  
t o  assume t h a t  t h i s  program r e p r e s e n t e d  a s l i g h t l y  d i f f e r e n t  s t anda rd  
t r a j e c t o r y  and a l t e r  t h e  c o e f f i c i e n t s  f o r  X acco rd ing ly .  -The fol low- 
ing va lues  f o r  @r and A0 were ob ta ined  when ?, def ined  by t h e  c o e f f i c i e n t s  
i n  equa t ion  (2.1.13), was  used. 
& = -1.8084 km 
.05955" A0 = 
and 
- 
-1.8084 
- 
(3.1.4) 
(3.1.5) 
Using -B-' from e q u a t i o n  (2.2.23),  t h e  fo l lowing  v a l u e s  are  ob ta ined .  
Employing t h i s  r e s u l t  i n  equa t ion  (3 .1 .3) ,  t o g e t h e r  w i t h  -B-lU 
def ined  i n  equa t ion  (2.2.24),  g i v e s  t h e  fo l lowing  r e l a t i o n s h i p  f o r  AC' . 
nc' = 
70 
- 
.034562 .166639 .013617 
- .001912 -.014562 -.000336 
+ (3.1.6) 
Sec t  i on  2. C o e f f i c i e n t  Computations 
Having determined the guidance funct ion and ad jus t ed  i t  t o  the 
s t anda rd  t r a j e c t o r y  of an  a v a i l a b l e  computer program, it  w a s  then 
v e r i f i e d  by using t h i s  guidance func t ion  f o r  a number of d i f f e r e n t  
s e t s  of i n i t i a l  cond i t ions .  These i n i t i a l  cond i t ions  r e s u l t e d  from 
va r ious  nonstandard f i rs t  s t a g e s  and were combined w i t h  s e v e r a l  d i f -  
f e r e n t  second s t a g e  pe r tu rba t ions .  Table 3.1 lLsts t h e s e  d e v i a t i o n s  
i n  i n i t i a l  cond i t ions  along wi th  the f i rs t  s t a g e  d e v i a t i o n  which caused 
them. Equation (3.1.6) was  used t o  determine AC' i n s t ead  of equat ion 
(2.4.8); AC w a s  then determined from equat ions (2.4.9) and (2.4.10). 
These r e s u l t s  a long wi th  bo, b, and b, computed from equa t ion  
are l i s t e d  i n  Table 3.2. 
lxamp 1 e 
No. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 2  
TABLE 3.1 
DEVIATIONS I N  INITIAL CONDITIONS 
F i r s t  Stage 
Deviat ions 
None 
+5000 l b  
-5000 l b  
Engine #2 
o u t  a t  100 sec .  
T a i l  Wind 
Head Wind 
L e f t  Cross Wind 
Right Cross Wind 
-1% G 
+1% i 
+1% F 
-1% F 
0 
-. 93152 
.94444 
17.28599 
.lo183 
-. 34235 
-. 10434 
.09092 
4.76116 
-3.31692 
1.19032 
-1.22157 
0 
-1.1623 
1.1824 
5.5463 
1.8180 
- .4055 
- .1788 
.2155 
1.1588 
- .6959 
1.9245 
-1.9050 
air 
(m/ s e c )  
0 
-30.2692 
30.8335 
-4.6494 
2.7670 
-5.3173 
-1.5250 
1.4240 
48.5244 
- 39.7 298 
29.8569 
-30.7597 
(2.4.11) 
A? 
(m/ s e c )  
0 
- 22.78749 
23.36393 
-58.34471 
25.69483 
-5.40216 
-2.3310C 
2.87015 
-4.54684 
3.7407C 
29.7 3482 
- 29.22741 
7 1  
TABLE 3.2 
COEFFICIENTS DETERMINED FROM INITIAL CONDITIONS 
Cxample No. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 2  
- .1464 
-2.0636 
1.7735 
- 1.9224 
1.6001 
- .5977 
- .3295 
.0702 
.6194 
- .7151 
2.2337 
-2.5718 
ac2 
.00400 
.12186 
- .11491 
.11798 
- .12227 
.03329 
.01634 
-. 01088 
- .02062 
.01946 
-. 15007 
.15881 
11.1381 
11.9115 
10.3634 
11.8556 
10.4293 
11.3205 
11 .2122 
11.0504 
10.8343 
11.3631 
10.1762 
12.1178 
-4.1877 
-4.5439 
- 3.8305 
-4.5206 
-3.8516 
-4.2725 
-4.2224 
-4.1465 
-4.0593 
-4.2814 
-3.7408 
-4.6418 
~ 
b2  
.4197 
.4616 
.3777 
.4589 
.3801 
.4297 
.4238 
.4148 
.4047 
.4306 
.3671 
.47 31 
S e c t i o n  3 .  Resu l t s  of Applica. t ion 
Tables 3.3 and 3.4, r e s p e c t i v e l y ,  show the  d e v i a t i o n s  i n  Cy and A0 
ob ta ined  from t h e s e  examples. Example No. 4 which r e s u l t e d  from a n  
engine out  a t  100 seconds i n  the  f i r s t  s t a g e  had a r a t h e r  l a r g e  ou t -o f -  
p lane  p o s i t i o n  and v e l o c i t y  d e v i a t i o n  which w a s  n o t  assumed t o  e x i s t  
i n  the  equat ions f o r  which the  f u n c t i o n  w a s  de r ived .  I n  s p i t e  of t h i s ,  
the  r e s u l t s  r e f l e c t  the  type of accu racy  t h a t  can be expec ted  when m i s -  
s i o n  accomplishment is  ma themat i ca l ly  imposed as a c r i t e r i o n  f o r  d e t e r -  
mining the  c o e f f i c i e n t s  of the  guidance  f u n c t i o n .  
7 2  
Table 3.5 shows t h e  a d d i t i o n a l  f u e l  r e q u i r e d  beyond t h a t  r e q u i r e d  
f o r  t h e  c a l c u l u s  of v a r i a t i o n s  s o l u t i o n  t o  t h e  same s e t  of c o n d i t i o n s ;  
N o  c a l c u l u s  of v a r i a t i o n s  s o l u t i o n  was a v a i l a b l e  f o r  the  c a s e  i n  which 
F and Q were each  -5% throughout t h e  second s t a g e  s o  t h a t  a f u e l  com- 
p a r i s o n  could n o t  be  made f o r  this example. 
TABLE 3.3 
& (Meters) 
P e r t u r b a t i o n s  
2nd S tage  
1 s t  S t age  
None 
t5000 l b  
-5000 l b  
Engine ou t  a t  100 s e c  
T a i l  Wind 
Head Wind 
Lef t  Cross Wind 
Right Cross Wind 
-1% c j  
tl% cj 
tl% f
-1% f 
None 
~ 
-1% f ,  i l  
53 
95 
55 
175 
7 3  
60 
54 
46 
61 
144 
57 
92 
+1% f ,  c j  
-40 
- 27 
28 
179 
7 
- 44 
-43 
-42 
50 
-9 
43 
- 21 
-5% f ,  
23 
-157 
151 
- 326 
201 
-12 
7 
32 
.L 
>k 
-1, 
.L 
;kDue t o  unde res t ima t ion  of r equ i r ed  computer t ime, t h e s e  cases  
were n o t  completed. It was f e l t  t h a t  t h e i r  i n c l u s i o n  would no t  
s i g n i f i c a n t l y  change the r e s u l t s .  
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TABLE 3.4 
ne (Degrees) 
Per turba t ions  
2nd Stage 
1s t Stage 
None 
+5000 l b  
-5000 l b  
Engine 2 o u t  a t  100 s e c  
T a i l  Wind 
Head Wind 
L e f t  Cross Wind 
Right  Cross Wind 
-1% Q 
+1% Q 
+1% f 
-1% f 
None 
- -001 
.004 
- .003 
- . O O l  
- .006 
-1, 
-. 001 
- .002 
9: 
-L 
-1. 
-1. 
-1% f ,  i 
. 01 2 
. 01 9 
.006 
.013 
.006 
.013 
.012 
.011 
.009 
.014 
.005 
.021 
+1% f ,  iJ 
- .027 
- .026 
-. 023 
- .029 
- .030 
-. 026 
-. 027 
- .027 
- .021 
-. 032 
-. 023 
- .025 
-5% f ,  ij 
- .004 
.020 
-. 023 
.008 
-. 015 
.ooo 
- .002 
- .005 
-1, 
-1. ,, 
-1. 
-L 
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1s t Stage 
TABLE 3.5 
Fuel Loss ( l b s )  
P e r t u r b a t i o n s  
None 
+5000 l b  
-5000 l b  
Engine 2 ou t  a t  100 s e c  
T a i l  Wind 
Head Wind 
L e f t  Cross Wind 
Right Cross Wind 
-1% + 
tl% Q 
tl% f
-1% f 
None 
5 
7 
4 
2 
5 
J; 
5 
5 
J; 
-1, 
+C 
.L 
-1% f ,  fi 
~~ 
+1% f ,  i 
5 
7 
4 
1 
4 
5 
5 
5 
5 
7 
4 
7 
~- 
5 
6 
4 
2 
5 
5 
5 
5 
5 
7 
4 
6 
Note: Calculus of v a r i a t i o n s  s o l u t i o n s  fo r  t he  -5% f ,  W case 
were not  a v a i l a b l e  t o  compare f u e l  consumption. 
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It i s  i n t e r e s t i n g  t h a t  t h e  only  requi rements  which would keep f u e l  
consumption smal l  w a s  t h e  f a c t  t h a t  ? was f i t t e d  t o  t h e  v a l u e  of  X ob ta ined  
from t h e  c a l c u l u s  of  v a r i a t i o n s  s o l u t i o n  f o r  t h e  s t a n d a r d  t r a j e c t o r y  and 
t h e  cIxo was chosen of a form which would f i t  w e l l  t h e  d e v i a t i o n s  * 
, encountered by c a l c d l u s  of v a r i a t i o n s  s o l u t i o n s  w i t h  nonstandard i n i t i a l  
cond i t ions .  Aside from t h e s e  two r equ i r emen t s ,  no f u r t h e r  a t t e m p t  w a s  
made t o  minimize f u e l .  Neve r the l e s s ,  Table  3.5 i n d i c a t e s  t h a t  t h i s  
appea r s  t o  be  s u f f i c i e n t  f o r  n e g l i g i b l e  f u e l  l o s s .  
To i l l u s t r a t e  t h e  d i f f e r e n c e  i n  some of t h e s e  nonstandard t r a  j e c -  
t o r i e s ,  i t  should  be poin ted  o u t  t h a t  example No. 4 which r e s u l t e d  from 
a f i r s t  s t a g e  engine  o u t  a t  100 seconds w i t h  second s t a g e  p e r t u r b a t i o n s  
of  -5% t h r u s t  d e v i a t i o n  and s imul t aneous ly  -5% f low r a t e  d e v i a t i o n  
r e q u i r e d  30 seconds a d d i t i o n a l  burning t i m e  and d i s p l a c e d  t h e  c u t o f f  
p o i n t  136 km. The r a d i u s  e r r o r  was -326 m and c u t o f f  a n g l e  e r r o r  +.008 
degrees  both of which appear  q u i t e  a c c e p t a b l e .  
S e c t i o n  4 .  Fur the r  A p p l i c a t i o n s ,  
The guidance f u n c t i o n  de r ived  and a p p l i e d  i n  t h i s  r e p o r t  was p r e -  
s en ted  p r i m a r i l y  t o  i l l u s t r a t e  t h e  e f f e c t i v e n e s s  of o b t a i n i n g  an e x p l i c i t  
s o l u t i o n  t o  t h e  l i n e a r i z e d  d i f f e r e n t i a l  equa t ions  of  motion.  It should  
be  emphasized t h a t  t o  l i n e a r i z e  t h e  d i f f e r e n t i a l  e q u a t i o n s ,  i t  is n o t  
necessa ry  t o  l i n e a r i z e  every  parameter .  It is s u f f i c i e n t  t h a t  t he  
s t a t e  v a r i a b l e s  b e  l i n e a r  l e a v i n g  t h e  f o r c i n g  f u n c t i o n s  t o  whatever  
form they  may have. This  same procedure can be  a p p l i e d  t o  o t h e r  d i f -  
f e r e n t i a l  equat ions  inc lud ing  c a l c u l u s  of v a r i a t i o n s  equa t ions  o r  equa- 
t i o n s  of  motion i n  a d i f f e r e n t  c o o r d i n a t e  system. The l i n e a r i z e d  equa- 
t i o n s  a r e  always s u f f i c i e n t l y  a c c u r a t e  i n  some neighborhood of t he  
s t a n d a r d  s o l u t i o n .  Whether t h i s  neighborhood is s u f f i c i e n t l y  l a r g e  t o  
inc lude  a l l  expected d e v i a t i o n s  cannot  be s t a t e d  i n  g e n e r a l  b u t  must be  
s p e c i f i c a l l y  i n v e s t i g a t e d  f o r  t h e  p a r t i c u l a r  d i f f e r e n t i a l  equa t ions  under 
c o n s i d e r a t i o n .  The d i f f e r e n t i a l  equa t ions  of motion a r e  r e a d i l y  a d a p t a b l e  
t o  such  a n a l y s i s .  
I n  a d d i t i o n  t o  t h e  parameters  inc luded  i n  t h e  a n a l y s i s  of Chapter I, 
any of a number of o t h e r  parameters  could have been inc luded  and t h e i r ,  
e f f e c t  on cu to f f  d e v i a t i o n s  determined.  
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S e c t i o n  5. Conclusions 
The r e s u l t s  of t h i s  i n v e s t i g a t i o n  i l l u s t r a t e  t h e  accuracy  of t h e  
s o l u t i o n  t o  t h e  l i n e a r i z e d  d i f f e r e n t i a l  equa t ions  of motion a s  w e l l  as 
t h e  v a l u e  and means of ob ta in ing  the  s o l u t i o n  i n  e x p l i c i t  form. I n  
a d d i t i o n  t o  t h e  i n s i g h t  i t  p rov ides ,  i t  i s  a powerful t o o l  f o r  mathe- 
m a t i c a l l y  imposing t h e  m i s s i o n  c r i t e r i a  i n  t h e  d e t e r m i n a t i o n  of t h e  
c o e f f i c i e n t s  of a guidance f u n c t i o n .  Fu r the r  a p p l i c a t i o n s  of t h e  
e x p l i c i t  s o l u t i o n  t o  a l i n e a r i z e d  s e t  of  d i f f e r e n t i a l  equa t ions  t o  t h e  
a n a l y s i s  of a n o n l i n e a r  system a r e  r e s t r i c t e d  o n l y  by t h e  d i f f e r e n t i a l  
equa t ions  themselves  and t h e  imagina t ion  and i n g e n u i t y  of t he  a n a l y s t .  
, 
7 7  
U ( t n ,  600) = 
U(t , ,  560) = 
APPENDIX I 
U ( t , ,  t) 
(tn = 620.68 s e c . )  
- 
1 0 
0 1 
-. 01886 .02833 
.02833 .04812 
- 
.99917 .00104 
.00104 1.00200 
-. 05890 .07863 
.07863 * .1447 2 
01 .02608 
0 
1 
0 1 
. 00000 
.06068 
.00113 
.00113 1.00192 1 .06068 .ooooo .99925 
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U(t,, 520) = 
U(tn, 480) = 
U(tn, 440) = 
U(t,, 400) = 
80 
- 
.99647 
.00366 
-. 10332 
.12186 
- 
.99177 
.007 60 
- .1497 1 
.16106 
-98488 
.01239 
-. 19814 
.19521 - 
- 
.97571 
.01767 
-. 24801 
.22453 - 
.00366 
1.00808 
.12191 
.24516 
.007 60 
1.01846 
.16133 
.34912 
.01240 
1.03332 
.19605 
.45658 
.0177 1 
1.05283 
.22654 
.56761 
. lo065 
.00004 
.99689 
.00428 
.14051 
.00019 
.99276 
.00915 
.18018 
.00049 
.98677 
.01577 
.21958 
.00099 
.97884 
.02340 
- 
.00019 
.14108 
.00916 
1.01752 
.00049 
.18182 
.01561 
1.03148 
. 
U ( t n ,  3 6 0 )  = 
U(t, ,  3 2 0 )  = 
U(t, ,  2 8 0 )  = 
U(t, ,  2 4 0 )  = 
- 
.96418 
.02315 
-. 29892 
.24933 - 
- 
.95028 
.02855 
- .35 047 
- .26978 
r .93395 
.03362 
- .40248 
L .28603 
- 
.91513 
.03813 
- .45485 
.29820 - 
.02326 
1.077 1 6  
.25337 
.6825 1 
.02880 
1.10648 
.27702 
.80158 
.03412 
1.14106 
.29797 
.92547 
.03904 
1.18117 
.3167 1 
1.05475 
.25861 
.00170 
.96892 
.03238 
.297 1 8  
.00263 
.95696 
.04235 
.33519 
.00377 
.94294 
.05314 
.37 255 
.00511 
.92684 
.06458 
.00170 
.26526 
.03251 
1.07 244 ! 
.00263 
.30835 
.04264 
1.09974 
- 
.00378 
.35261 
.05372 
1.13180 - 
U ( t n ,  200) = 
U ( t , ,  160) = 
w,, to> = 
- 
.89380 
.04182 
-.50739 
.30618 - 
- 
.86987 
.04446 
-.56010 
.30993 - 
.86115 
.04503 
-. 57740 
.31006 
,04336 
1.22718 
,33355 
1.19028 
.04693 
1.27957 
.34893 
1.33309 
.04792 
1.29901 
.35385 
1.38267 
.40916 
.00664 
.go865 
.07 65 1 
.4449 1 
.00831 
.88835 
.0887 6 
.45637 
.00890 
.88097 
.09284 
- 
.00905 
.5 1145 
.09625 
1.27619 - 
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j 
t - 
160 
200 
240 
280 
3 20 
36Q 
400 
440 
480 
520 
560 
600 
011 
.8296 
.8888 
.7704 
.6480 
.5228 
.3968 
.2768 
.1556 
.0508 
- .0308 
-. 0748 
- .0533 
- .0426 
0 12 (1 0-2) 
-1.259 
-1.548 
- 1.549 
- 1.534 
-1.501 
- 1.447 
-1.367 
-1.258 
-1.106 
- .904 
- .630 
- .254 
- .203 
ClS (10- 4, - u14 
- .4212 
-.4512 
-.3911 
-. 3290 
-. 2654 
-. 2015 
-. 1385 
-.0790 
- .0258 
.0156 
.0380 
.027 1 
.0216 
12.69 
14.64 
13.67 
12.58 
11-37  
10.06 
8.65 
7.17 
5.62 
4.02 
2.41 
.81 
.81 
- 
-1, 
"The elements of f f ( t . )  were determined by mul t ip ly ing  the  elements of 
U(tn,  t j )  H ( t j )  by dt . 
was used. For t = 166, A t j  = 33.19 sec .  and f o r  t = 600, Atk = 40.68. 
For t = 600fc, A t j  = 32.5 s e c  was used f o r  t he  f i r s t  t h r e e  columns s i n c e  
t h e i r  m u l t i p l i e r  is a power of nX which, f o r  the guidance func t ion ,  w a s  
de f ined  t o  be zero f o r  the l a s t  8.18 seconds. These v a l u e s  should be 
used i n s t e a d  of those a t  600 i n  eva lua t ing  the i n t e g r a l  f o r  the guidance 
func t ion .  
Except f o r  t = 160 and t = 600, A t j  = 40 s e c  
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.Li 
160 
200 
24 0 
280 
320 
360 
400 
440 
48 0 
520 
560 
600 
6OOfi 
- 
u21 
-1.585 
-1.900 
-1.874 
-1.834 
-1.775 
-1.696 
-1.590 
-1.452 
-1.272 
-1.037 
- .723 
- .296 
- .237 
-L 
“See Footnote on Page 8 3 .  
8 4  
fJZ2 ( 1 0 - 2 )  62, 
- .895 
- .897 
-.762 
- .630 
- .500 
-. 374 
-. 254 
-. 144 
- .048 
.026 
.065 
.046 
-037 
.805 
.965 
.952 
.931 
.901 
.861 
.807 
.7 37 
.646 
.5 26 
.367 
.150 
.120 
- 
u24 
9.014 
8.475 
6 .730 
5.168 
3.791 
2.603 
1.610 
.821 
.242 
-. 117 
-. 249 
-. 147 
-. 147 
tj 
1 6 0  
200 
240 
280 
320 
360 
400 
440 
48 0 
5 2 0  
5 6 0  
600 
6 OO* 
e3 1 
1.414 
1.701 
1.666 
1.598 
1.486 
1.319 
1.081 
.749 
.290 
- .347 
- 1.242 
-2.583 
-2.064 
9; 
See Footnote on Page 83 
e,, ( 1 0 - 2 )  
-2.676 
-3.563 
-3.951 
-4.390 
-4.888 
-5.457 
-6.117 
-6.898 
-7.816 
-8.949 
-10.383 
-12.286 
- .718 
-. 8 6 4  
- .846 
- .811 
- .754 
-. 670 
-. 549 
-. 380 
-. 147 
.176 
.631 
1 .311 
-9.816 1.048 
e34 ... 
26.960 
33.676 
34.879 
36.005 
37.036 
37.944 
38.708 
39.338 
39.690 
39.855 
39.754 
39.364 
39.364 
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tj 
160 
200 
240 
280 
320 
360 
400 
44 0 
480 
520 
560 
600 
600k 
E 4  1 
-3.904 
-5.035 
-5.396 
-5.804 
-6.271 
-6.815 
-7.456 
-8.226 
-9.173 
-10.369 
-11.933 
-14.318 
-11.439 
E 4 2 ( ~ ~ - 2 )  
- 2.468 
-2.657 
- 2.442 
-2.209 
-1.950 
-1.656 
-1.314 
- .906 
- .405 
.229 
1.063 
2.216 
1.770 
ij,,(i0-4) 
1.982 
2.555 
2.739 
2.947 
3.184 
3.460 
3.785 
4.176 
4.657 
5.264 
6.058 
7.270 
5.808 
c44 - 
24.868 
25.112 
21.561 
18.121 
14.778 
11.514 
8.312 
5.167 
2.055 
- 1.018 
- 4.071 
- 7.100 
- 7.100 
-1. 
“See  Foo tno te  on Page  83.  
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NUMERICAL RESULTS FROM 5 SECOND INTERVALS 
J 
t o  
t,+6 t,+6 
t s t 5 
f l  -14.541427 .017713 -14.5237 14 
f1.r -29.213315 ,082930 -29.130385 
f IT2 -80.125334 .38827 2 -79.737062 
f -251.962610 1.817852 -250.144758 
f 1 2 4  -857.620677 8.511001 -849.109676 
f l?  -307 6.0647 86 39.847 657 -3036.217129 
f lT6 -11,454.32276 186.56275 -11,267.76001 
f 2  -. 092309 .000024 -. 092285 
f27  - .I42486 . 0001 13 - .14237 3 
f 2 T 2  -.329282 .000531 -. 328751 
f 2 ~ 3  -.914112 .002487 -.911625 
f2,r4 -2.824898 .011646 - 2.81 3252 
f2,r5 -9.372182 .054524 -9.317658 
f 9 6  -32.711274 .255278 -32.455996 
f 3  .0007 38 - .000001 .000737 
f 3  T .001483 - .000004 .001479 
f 352 .004068 -. 000020 .004G48 
f 3 T 3  .012792 -. 000092 .012700 
f 3 T 4  .043541 - .000432 .043109 
f 3 T 5  .156170 -. 002023 .154147 
f 376 .581531 - .00947 2 .57 2059 
87 
to 
.594373 
1.824835 
6.557068 
25.223896 
100.949256 
414.750164 
1736.333387 
.003170 
.006143 
.016530 
.051330 
.173072 
.615988 
2.278515 
-. 000030 
-. 000093 
-. 000333 
-. 001281 
-. 005125 
-. 021057 
t,+6 tn+6 
tn 
r 
J 
t n 
1 
-. 023405 
-. 109580 
-. 513042 
-2.402011 
-1 1.24597 6 
-52.652539 
-246.513923 
- .000002 
-. 000012 
-. 000055 
-. 000256 
-. 001197 
-. 005604 
-. 026239 
.000001 
.000006 
.OS0026 
. 0001 22 
.00057 1 
.002673 
-. 088153 .012516 
.570968 
1.7 15254 
6.044026 
22.821885 
89.703280 
362.097 625 
1489.819464 
.003168 
.006131 
.016475 
.051074 
.171875 
.610384 
2.252276 
-. 000029 
-. 000087 
-. 000307 
-. 001159 
-. 004554 
-. 018384 
-. 075637 
88 
U, = L.349481 1.259049 .170980 .491843] 
1 -.007129 -. 005744 -. 008092 
8 9  
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